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Abstract
This paper is the sequel to the previous paper [Ne15], which showed that suffi-
cient regularity exists to define cylindrical contact homology in dimension three for
nondegenerate dynamically separated contact forms, a subclass of dynamically convex
contact forms. The Reeb orbits of these so-called dynamically separated contact forms
satisfy a uniform growth condition on their Conley-Zehnder indices with respect to a
free homotopy class; see Definition 1.7. Given a contact form which is dynamically sep-
arated up to large action, we demonstrate a filtration by action on the chain complex
and show how to obtain the desired cylindrical contact homology by taking direct lim-
its. We give a direct proof of invariance of cylindrical contact homology within the class
of dynamically separated contact forms, and elucidate the independence of the filtered
cylindrical contact homology with respect to the choice of the dynamically separated
contact form and almost complex structure. We also show that these regularity results
are compatible with geometric methods of computing cylindrical contact homology of
prequantization bundles, proving a conjecture of Eliashberg [El07] in dimension three.
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1 Motivation and results
Cylindrical contact homology, as introduced by Eliashberg-Givental-Hofer [EGH00], is in
principle an invariant of contact manifolds that admit a nondegenerate contact form λ with-
out Reeb orbits of certain gradings. The cylindrical contact homology of (M, ξ) is defined
by choosing a nondegenerate such contact form and taking the homology of a chain com-
plex over Q which is generated by “good” Reeb orbits, and whose differential ∂EGH counts
J-holomorphic cylinders in R×M for a suitable almost complex structure J. Unfortunately,
in many cases there is no way to choose J so as to obtain the transversality for holomorphic
cylinders needed to define ∂EGH , to show that
(
∂EGH
)2
= 0, and to prove that the homology
is an invariant of the contact structure ξ.
In [Ne15], we gave a rigorous construction of cylindrical contact homology for contact
forms in dimension three whose Reeb orbits satisfy a uniform growth condition on their
Conley-Zehnder indices with respect to a fixed free homotopy class. Such contact forms
are said to be dynamically separated ; a precise definition is given in Definition 1.7. Given
a dynamically separated contact form up to large action, we investigate action (and SFT-
grading) filtered cylindrical contact homology. Our invariance results are obtained more
directly than those which appeared in [HN2] for the hypertight case and those to appear
in [HN3] for the class of dynamically convex contact forms. We also provide computational
methods for the class of dynamically separated contact forms associated to prequantization
spaces and Seifert fiber spaces.
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Remark 1.1 (Relationship to the dynamically convex case). In [HN16], we showed that for
“dynamically convex” contact forms λ in three dimensions, and for generic almost complex
structures J , one can in fact define the differential ∂EGH by counting J-holomorphic cylinders
without any abstract perturbation. We also showed that
(
∂EGH
)2
= 0 using a generic almost
complex structure, without breaking the S1 symmetry. However, this relied on certain
technical assumptions, which hold when pi1(M) is not torsion; see (*) in Theorem 1.3 and
Remark 1.4 of [HN16]. We expect these assumptions to be removable. In the meantime, the
dynamically separated case allows us to consider some dynamically convex contact forms
which do not satisfy (*). Obtaining invariance in the dynamically convex case is currently
in preparation [HN3], which involves extending the machinery of [HN2] with obstruction
bundle gluing from [HTII].
To define cylindrical contact homology in general, some kind of abstract perturbation
of the J-holomorphic curve equation is needed, for example using polyfolds or Kuranishi
structures. Hofer, Wysocki, and Zehnder have developed the abstract analytic framework
[HWZI]-[HWZV], collectively known as polyfolds, to systematically resolve issues of regu-
larizing moduli spaces. Contact homology awaits foundations via polyfolds and the use of
abstract perturbations can make computations difficult.
Pardon [Pa] has defined full contact homology via virtual fundamental cycles but this
approach is not applicable to defining cylindrical contact homology in the presence of con-
tractible Reeb orbits. In dimension three, in the absence of contractible Reeb orbits, and
when paired with the action filtered versions of [HN2, Thm 1.6, 1.9], the definition provided
by Bao-Honda in [BaHon1] can be shown to be isomorphic to the cylindrical contact ho-
mology. Using virtual techniques, Bao-Honda [BaHon2] give a definition of the full contact
homology differential graded algebra for any closed contact manifold in any dimension. The
approaches of Pardon and the latter of Bao-Honda make use of Kuranishi structures to con-
struct contact and symplectic invariants and while they hold more generally, they are more
difficult to work with in computations and applications.
Organization of the article. The rest of Section 1 gives an overview of cylindrical con-
tact homology, a discussion of dynamically separated contact forms, a geometric means of
computing cylindrical contact homology for prequantization bundles, and some examples.
We also discuss applications to dynamics. Regularity results are proven in Section 2. In-
dex calculations and related arguments ruling out non cylindrical holomorphic buildings in
cobordisms between dynamically separated contact manifolds are given in Section 3, yielding
the desired invariance results for filtered cylindrical contact homology. Conley-Zehnder in-
dex calculations associated to perturbations of prequantization bundles are given in Section
4. Finally, the proof of the Morse-Bott computational result is given in Section 5.
Acknowledgements. I thank Mohammed Abouzaid, Michael Hutchings, and Dusa McDuff
for their interest in my work and insightful discussions. I also thank the referee for their
helpful comments and suggestions.
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1.1 Contact forms, Reeb vector fields, and gradings
Let (M2n−1, ξ) be a co-oriented closed contact manifold of let λ be a contact form such that
ker λ = ξ. The contact form λ uniquely determines the Reeb vector field Rλ by
ι(Rλ)dλ = 0, λ(Rλ) = 1.
A (closed) Reeb orbit γ of period T with T > 0, associated to Rλ is defined to be a map
γ : R/TZ→M
satisfying
γ˙(t) = Rλ(γ(t)), γ(0) = γ(T ).
Two Reeb orbits are considered equivalent if they differ by reparametrization, i.e. precom-
position with any translation of R/TZ corresponding to the choice of a starting point for
the orbit.
A Reeb orbit is said to be simple or equivalently, embedded, whenever the map γ :
R/TZ → M is injective. If γ : R/TZ → M is a simple Reeb orbit of period T and k a
positive integer, then we denote γk to be the k-fold cover or iterate of γ, meaning γk is the
composition of γ with R/kTZ → R/TZ and has period kT . We denote the the Reeb flow
by ϕt, i.e. ϕ˙t = Rλ(ϕt).
A Reeb orbit is said to be nondegenerate whenever the linearized return map of the
flow along γ,
dϕT : (ξγ(0), dλ)→ (ξγ(T )=γ(0), dλ)
has no eigenvalue equal to 1. If all the Reeb orbits associated to λ are nondegenerate then
λ is said to be a nondegenerate contact form.
The linearized flow of a T -periodic Reeb orbit γ yields a path of symplectic matrices
given by
dϕt : ξγ(0) → ξγ(t), t ∈ [0, T ].
One can compute the Conley-Zehnder index of dϕt, t ∈ [0, T ], however this index is typically
dependent on the choice of trivialization Φ of ξ along γ used in linearizing the Reeb flow.
There is, however, always a canonical Z2-grading due to the axiomatic properties of the
Conley-Zehnder index [RS93, SZ92]. For (M2n−1, ξ) this grading is obtained via
(−1)µCZ(γ) = (−1)n−1sign det(1−Ψ(T )), (1.1.1)
where Ψ(t)t∈[0,T ] ∈ Sp(2n− 2) is the linearized flow restricted to ξ along a T -periodic Reeb
orbit γ with respect to the choice of symplectic trivialization Φ of ξ.
In dimension three, one can classify a nondegenerate Reeb orbit γ as being one of three
types, depending on the eigenvalues Λ, Λ−1 of the linearized flow return map dϕT |ξ:
γ is elliptic if Λ,Λ−1 := e±2piiθ;
γ is positive hyperbolic if Λ,Λ−1 > 0;
γ is negative hyperbolic if Λ,Λ−1 < 0.
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The parity of the Conley-Zehnder index does not depend on the choice of trivialization and
is even when γ is positive hyperbolic and odd otherwise, yielding the canonical Z2 grading
in dimension 3.
We will further need to classify Reeb orbits whose Conley-Zehnder index changes parity
under iteration, a phenomenon which is always independent of the choice of trivialization.
Definition 1.2. The m-fold closed Reeb orbit γm is bad if it is the m-fold iterate of a simple
Reeb orbit γ such that the difference µCZ(γ
m) − µCZ(γ) of their Conley-Zehnder indices is
odd. If a Reeb orbit is not bad then it is deemed to be a good Reeb orbit.
In dimension three, the set of bad orbits consists solely of the even iterates of simple
negative hyperbolic orbits. In higher dimensions, bad orbits can only arise from even multiple
covers of nondegenerate simple orbits whose linearized return flow has an odd number of pairs
of negative real eigenvalues (λ, λ−1). The set of all Reeb orbits in the free homotopy class Γ
is denoted byP(λ; Γ), and the set of good Reeb orbits in a free homotopy class Γ is denoted
by Pgood(λ; Γ).
In certain cases, one can upgrade the canonical Z2-grading. For any λ-compatible J , the
symplectic vector bundle (ξ, dλ, J) has a natural U(n− 1) structure. Since this bundle is a
(almost) complex bundle, we can take its highest exterior power, which is the anticanonical
bundle of M and denoted by K∗. The dual of K∗ is the canonical bundle. If c1(ξ;Z) =
0 ∈ H2(M ;Z) then one can trivialize the anticanonical bundle K∗. Let
Φ˜ : K∗ → TM × C
be a choice of such a trivialization. This amounts to specifying a global complex volume
form on R×M . If H1(M ;Q) = 0 then Φ˜ (as well as any complex volume form) is unique up
to homotopy. Now we can insist than any local trivialization Φ of ξ, which can be used to
linearize the Reeb flow along γ must agree with our “canonically” determined trivialization
Φ˜. This gives rise to an absolute Z-grading on the Reeb orbits.
In this case one can sensibly refer to the Conley-Zehnder index of a Reeb orbit γ, obtaining
a Z-grading on the Reeb orbits given by
|γ| = µΦCZ(γ) + n− 3. (1.1.2)
Here µΦCZ(γ) := µCZ(dϕt)|t∈[0,T ] is the Conley-Zehnder index of the path of symplectic ma-
trices obtained from the linearization of the flow along γ, restricted to ξ. If c1(ξ;Z) = 0 and
H1(M ;Q) 6= 0 then there is more than one homotopy class of trivializations associated to
the complex line bundle that is the canonical representation of −c1(ξ), resulting in different
choices of complex volume forms on (R ×M,d(eτλ), J). If c1(ξ;Q) = 0 one can obtain a
fractional Z-grading, see [McL16, §3-4] [Se00, Se06].
If we have that c1(ξ;Z) vanishes on pi2(M) then for each contractible Reeb orbit γ we
can define the Conley-Zehnder index γ by µCZ(γ) = µ
Φ
CZ(γ), where Φ is a trivialization of
ξγ which extends to a trivialization of ξ over a disk bounded by γ of contractible loops there
is a Z-grading. Should c1(ξ;Q) = 0 and H1(M ;Q) = 0 then the trivialization of ξ along a
contractible closed Reeb orbit that extends to a capping disk will coincide with the homotopy
class of the trivialization induced by a global complex volume form [McL16, Lemma 4.3].
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It is important to note that our trivializations are fixed up to homotopy; that is trivi-
alizations over iterated orbits must be homotopic to the iterated trivializations. When the
trivialization Φ˜ is available globally as when c1(ξ;Z) = 0 this is straightforward, otherwise
care must be taken in specifying local trivializations.
We now give the definition of a dynamically convex contact form, a notion due to
Hofer, Wysocki, and Zehnder. This definition necessitates that the Conley-Zehnder index
of contractible periodic orbits of the Reeb vector field be well-defined without any reference
to a specific homotopy class of discs spanned by the orbits. This necessitates for every map
v : S2 → M that the integer c1(v∗ξ)([S2]) vanishes. The stipulation that c1(v∗ξ)([S2]) ≡ 0
is equivalent to ψξ ≡ 0, where ψξ is the natural homomorphism defined by
ψξ : pi2(M) → Z,
[σ] 7→ c1(v∗ξ).
(1.1.3)
Definition 1.3. Let λ be a nondegenerate contact form on a closed 3-manifold M . We say
that λ is dynamically convex whenever
• λ admits no contractible Reeb orbits, or
• The map from (1.1.3) satisfies ψξ = 0 and every contractible Reeb orbit γ satisfies
µCZ(γ) ≥ 3.
If M is a compact star-shaped hypersurface in R4 then
λ =
1
2
2∑
j=1
(xjdyj − yjdxj)
restricts to a contact form on M . In [HWZ99] it is shown that if M convex, and if λ is
nondegenerate then λ is dynamically convex. This property was used to give a remarkable
characterization of the tight 3-sphere [HWZ99, Theorem 1.5].
We are also interested in contact forms which do not admit contractible Reeb orbits. A
contact form λ on M2n−1 is said to be hypertight whenever the Reeb vector field associated
to λ admits no contractible Reeb orbits. While historically inaccurate, we take the class of
dynamically convex contact forms to include the set of hypertight contact forms.
1.2 Dynamically separated contact forms
The differentials (when well-defined) on the chain complex defining cylindrical contact ho-
mology preserve the free homotopy classes of Reeb orbits since they count cylinders which
project to homotopies in M between the Reeb orbits. Furthermore, the chain maps (when
well-defined) also preserve the free homotopy classes of Reeb orbits. The dynamically sep-
arated condition gives control on the Conley-Zehnder index of iterates of Reeb orbits in a
specified non-primitive free homotopy class. This permits us to achieve transversality for
certain multiply covered cylinders in cobordisms and esnure that no noncylindrical levels are
present in compactifications of curves to pseudoholomorphic buildings.
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First we recall some preliminary notions with regard to free homotopy classes of loops. Fix
a closed contact three manifold (M, ξ). A primitive homotopy class of loops Γ ∈ pi0(ΩM)
means that Γ is not equal to kΓ′ for any Γ′ ∈ pi0(ΩM) and an integer k > 1. As explained
in [Wen-SFT, §10], all pseudoholomorphic cylinders interpolating between closed primitive
Reeb orbits are somewhere injective, and hence regular provided J is generic.
One can define and obtain topological invariance of cylindrical contact homology with
“classical” methods for the following important subclass of hypertight contact forms in any
dimension.
Definition 1.4 (Def. 10.16 [Wen-SFT]). Given a contact manifold (M2n−1, ξ) and a primi-
tive homotopy class Γ ∈ pi0(ΩM) we say that a contact form λ for ξ is Γ-admissible if all
the Reeb orbits homotopic to Γ are nondegenerate and there are no contractible Reeb orbits.
Remark 1.5. Standard SFT compactness [BEHWZ] does not apply for sequences of pseudo-
holomorphic cylinders in the symplectization of a Γ-admissible contact manifold. However,
Wendl gives a direct proof of the desired result in [Wen-SFT, Prop. 10.19].
In dimension three, this paper provides a means of defining cylindrical contact homology
for non-primitive homotopy classes subject to the dynamically separated condition. The
definition of dynamically separated necessitates that c1(kerλ) = 0 if there is more than one
Reeb orbit in each free non-primitive homotopy class so that a Z-grading is available. We
first give the definition of dynamically separated when all Reeb orbits are contractible.
Definition 1.6. Let (M,λ) be a contact 3-manifold with c1(kerλ) = 0 such that all the
Reeb orbits of Rλ are contractible. Then λ is said to be dynamically separated whenever
the following conditions hold.
(I) If γ is a closed simple Reeb orbit then 3 ≤ µCZ(γ) ≤ 5;
(II) If γk is the k-fold cover of a simple orbit γ then µCZ(γ
k) = µCZ(γ
k−1) + 4.
The presence of noncontractible non-primitive Reeb orbits necessitates that we must
keep track of the free homotopy class of a non-primitive Reeb orbit after each iteration of
the underlying simple orbit. This is particularly important if the simple orbit is a torsion
element of pi0(ΩM), and some of if its iterates are contractible, as is the case for lens spaces,
see Example 1.35. This bookkeeping is important when ruling out breaking phenomena in
Section 3 and is used to define the following analogue of Condition II with respect to a free
homotopy class Γ ∈ pi0(ΩM).
Definition 1.7. Let (M,λ) be a contact 3-manifold with c1(kerλ) = 0. Let γ be a simple
Reeb orbit. For each free homotopy class Γ, let
1 ≤ k1(Γ, γ) < k2(Γ, γ) < ... < ki(Γ, γ) < ...
be the (possibly empty or infinite) list of all integers such that all the ki(Γ, γ)-fold covers
of γ lie in the same free homotopy class Γ. We will use Γ = 0 to represent the class of
contractible orbits. A contact form λ is said to be dynamically separated whenever the
following conditions are satisfied.
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(I.i) For the class of contractible orbits, Γ = 0, we have 3 ≤ µCZ(γk1(0,γ)) ≤ 5;
(I.ii) For each non-primitive Γ 6= 0 there exists m(Γ, γ) ∈ Z>0 such that 2m − 1 ≤
µCZ(γ
k1(Γ,γ)) ≤ 2m+ 1;
(II) For each non-primitive free homotopy class Γ we have µCZ(γ
ki+1(Γ,γ)) = µCZ(γ
ki(Γ,γ))+4.
We note that (I.ii) is equivalent to requiring that µCZ(γ
k1(c,γ)) is a positive integer for
each non-primitive c 6= 0. We have expressed this condition more pedantically to stress that
the first iterates of a simple Reeb orbit representing different non-primitive free homotopy
classes need not have their Conley-Zehnder index agree.
For computational methods it is often practical to consider contact forms which will
be dynamically separated up to (large) action, which is proportional to the index.
This modification is explained in the following definition and we note that many Morse-Bott
contact forms can be made dynamically separated up to large action by a small perturbation.
Definition 1.8. A contact form λ is said to be L-dynamically separated whenever the
following conditions are satisfied.
(I.i) For the class of contractible orbits, Γ = 0, we have 3 ≤ µCZ(γk1(0,γ)) ≤ 5 and
A(γk1(0,γ);λ) :=
∫
γk1(0,γ)
λ < L;
(I.ii) For each non-primitive Γ 6= 0 there exists m(Γ, γ) ∈ Z>0 such that 2m − 1 ≤
µCZ(γ
k1(Γ,γ)) ≤ 2m+ 1 and
A(γk1(Γ,γ);λ) :=
∫
γk1(Γ,γ)
λ < L;
(II) For each non-primitive free homotopy class Γ we have µCZ(γ
ki+1(Γ,γ)) = µCZ(γ
ki(Γ,γ))+4,
whenever
A(γki+1(Γ,γ);λ) :=
∫
γki+1(Γ,γ)
λ < L.
Examples of L-nondegenerate dynamically separated contact forms arise naturally from
prequantization bundles; see Section 1.6.
1.3 Cylindrical contact homology
We say that an almost complex structure J on R × Y is λ-compatible if J(ξ) = ξ;
dλ(v, Jv) > 0 for nonzero v ∈ ξ; J is invariant under translation of the R factor; and
J( ∂
∂τ
) = R, where τ denotes the R coordinate. In the following it should be assumed that
we have chosen such a J generically.
If γ+ and γ− are Reeb orbits, we consider J-holomorphic cylinders between them, namely
maps
u(s, t) := (a(s, t), f(s, t)) : (R× S1, j0)→ (R×M,J)
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satisfying the Cauchy-Riemann equation,
∂¯j,Ju := du+ J ◦ du ◦ j ≡ 0,
such that lims→±∞ piR(u(s, t)) = ±∞, and lims→±∞ piY (u(s, ·)) is a parametrization of γ±.
Here piR and piY denote the projections from R× Y to R and Y respectively.
We declare two maps to be equivalent if they differ by translation and rotation of the
domain R × S1 and denote the set of equivalence classes by M̂J(γ+; γ−). Note that R acts
on M̂J(γ+; γ−) by translation of the R factor in R× Y . We denote
MJ(γ+, γ−) := M̂J(γ+; γ−)/R.
Given u as above, with respect to a suitable trivialization Φ of ξ over γ+ and γ−, we
define the Fredholm index of u by
ind(u) = µΦCZ(γ+)− µΦCZ(γ−) + 2cΦ1 (u∗ξ).
The significance of the Fredholm index is that if J is generic and u is somewhere injective,
then M̂J(γ+, γ−) is naturally a manifold near u of dimension ind(u). Let M̂Jk (γ+, γ−) denote
the set of u ∈ M̂J(γ+, γ−) with ind(u) = k.
The cylindrical contact homology chain complex CEGH∗ (M,λ, J) is generated by all
nondegenerate closed good Reeb orbits of Rλ over Q-coefficients, with grading determined
by (1.1.2). Bad Reeb orbits must be excluded from the chain group because of issues involving
orientations and invariance. For a more detailed discussion on other choices of coefficients
see Remark 1.12.
The chain complex splits over the free homotopy classes Γ ∈ pi0(ΩM) of Reeb orbits be-
cause the differentials are defined via a weighted count of rigid pseudoholomorphic cylinders
interpolating between two closed Reeb orbits. We denote the subcomplex involving Reeb
orbits in the class Γ by CEGH∗ (M,λ, J,Γ).
The differential is given in terms of a weighted count of the elements of the moduli space
of rigid cylinders M̂J1 (γ+, γ−)/R. The weights arise because γ+ and γ− may be multiply
covered Reeb orbits, which means that M̂J1 (γ+, γ−)/R may consist of multiply covered curves
Definition 1.9 (Multiplicities of orbits and curves). If γ˜ is a closed Reeb orbit, which is a
k-fold cover of a simple orbit γ, then the multiplicity of the Reeb orbit γ˜ is defined to be
m(γ˜) = k and m(γ) = 1. The multiplicity of a pseudoholomorphic curve is 1 if it is somewhere
injective. If the pseudoholomorphic curve u is multiply covered then it factors through a
somewhere injective curve v and a holomorphic covering ϕ : (R×S1, j0)→ (R×S1, j0), e.g.
u = v ◦ ϕ. The multiplicity of u is defined to be m(u) := deg(ϕ). If u ∈ MJ(γ+; γ−) then
m(u) divides both m(γ+) and m(γ−).
We define the operators
κ : CEGH∗ (M,λ, J) → CEGH∗ (M,λ, J)
x 7→ m(x)x
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and
δ : CEGH∗ (M,λ, J) → CEGH∗−1 (M,λ, J)
x 7→
∑
y∈Pgood(λ)
u∈M̂J1 (x;y)/R
(u)
m(u)
y. (1.3.1)
The differentials are defined by
∂EGH− := κ ◦ δ : CEGH∗ (M,λ, J) → CEGH∗−1 (M,λ, J)
x 7→
∑
y∈Pgood(λ)
u∈M̂J1 (x;y)/R
(
(u)
m(y)
m(u)
)
y (1.3.2)
and
∂EGH+ := δ ◦ κ : CEGH∗ (M,λ, J) → CEGH∗−1 (M,λ, J)
x 7→
∑
y∈Pgood(λ)
u∈M̂J1 (x;y)/R
(
(u)
m(x)
m(u)
)
y, (1.3.3)
where (u) = ±1 depends on a choice of coherent orientations. Coherent orientations for
symplectic field theory can be found in [BM04], with additional exposition in [HN2, §A]. A
different choice of coherent orientations will lead to different signs in the differential, but the
chain complexes will be canonically isomorphic.
Remark 1.10 (Well-definedness of the differentials). In order to ensure that both of the
expressions (1.3.2) and (1.3.3) are meaningful, i.e. that the counts of curves are finite, one
must have proven that all moduli spaces of relevance can be cut out transversely.
Remark 1.11 (Existence of Orientations). When the moduli space M̂J(x; y)/R is a mani-
fold, it can only be oriented by a choice of coherent orientations as in [BM04], provided both
x and y are good orbits.
Remark 1.12 (Choices of coefficients). The homologies, H∗(CEGH∗ (M,λ, J), ∂
EGH
± ) are
equivalent over Q-coefficients, provided sufficient transversality holds to define the chain
complexes and obtain invariance. The isomorphism between these two chain complexes is
then given by κ because (κδ)κ = κ(δκ). As a result we denote
CHEGH∗ (M,λ, J) := H∗(C
EGH
∗ (M,λ, J), ∂
EGH
± )
While one can always define either differential for cylindrical contact homology over Z2 or
Z-coefficients because the weighted expression is always integral, one needs to work over Q
in order to define the chain maps between the respective complexes (CEGH∗ (M,λ, J), ∂
EGH
± ).
In the case of dynamically separated contact forms λ we have ∂EGH− ≡ ∂EGH+ because for any
u ∈ M̂J1 (x; y)/R, m(x) = m(y). In this case the contact homologies are trivially isomorphic
over Z2 and Z-coefficients.
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Remark 1.13 (Exclusion of bad Reeb orbits). One must exclude bad Reeb orbits from
the chain complex as their inclusion obstructs the proof of invariance, assuming sufficient
transversality existed in the first place; see the period doubling example explained in [HN2,
§6.3].
Cylindrical contact homology is well-defined for any primitive homotopy class Γ ∈ pi0(ΩM)
and closed contact manifold (M2n−1, ξ) which is Γ-admissible. It is also invariant under con-
tactomorphisms in the following sense. Here CHEGH∗ (M,λ, J,Γ) represents the homology of
subcomplex generated by the Reeb orbits in the free homotopy class Γ.
Theorem 1.14 (Prop. 10.21, 10.24 [Wen-SFT]). Let M2n−1 be a closed manifold and Γ ∈
pi0(ΩM) be a primitive homotopy class of loops. Then for a Γ-admissible contact form λ and
generic λ-compatible almost complex structure the operator δ in (1.3.1) is well-defined and
satisfies δκδ = 0. Suppose ϕ : (M0, ξ0) → (M1, ξ1) is a contactomorphism with ϕ∗Γ0 = Γ1,
where Γ0 is a primitive homotopy class of loops and (M1, ξ1) is Γ1-admissible. Then (M0, ξ0)
is Γ0-admissible, and CH
EGH
∗ (M0, ξ0,Γ0) ∼= CHEGH∗ (M1, ξ1,Γ1).
In [HN16, Theorem 1.3] we proved the following.
Theorem 1.15. Let λ be a nondegenerate dynamically convex contact form on a closed
3-manifold M . Suppose further that:
(*) A contractible Reeb orbit γ has µCZ(γ) = 3 only if γ is embedded.
Then for generic λ-compatible almost complex structures J on R × M , the operator δ in
(1.3.1) is well-defined and satisfies δκδ = 0, so that (CEGH∗ (M,λ, J), ∂
EGH
± ) is a well-defined
chain complex.
In [HN2] we establish invariance of cylindrical contact homology in the hypertight case.
This is achieved this by breaking the S1-symmetry and using domain dependent almost
complex structures, which necessitates the construction of nonequivariant contact homol-
ogy NCH∗(M, ξ;Z) and a family Floer S1-equivariant version of the nonequivaraint theory
CHS
1
∗ (M, ξ;Z). We show that these theories do not depend on the choice of contact form or
choice of S1-dependent (resp. S1-equivariant S1×ES1-dependent) family of almost complex
structures. More precisely we show the following.
Theorem 1.16 (Theorem 1.6 [HN2]). Let Y 2n−1 be a closed manifold, and λ and λ′ be
nondegenerate hypertight contact forms on Y with ker(λ) = ker(λ′). Let J be a generic
S1-equivariant S1 × ES1-family of λ-compatible almost complex structures, and let J′ be a
generic S1-equivariant S1 × ES1-family of λ′-compatible almost complex structures. Then
there is a canonical isomorphism
CHS
1
∗ (Y, λ, J;Z) = CHS
1
∗ (Y, λ
′, J′;Z).
This will be upgraded to allow for dynamically convex contact forms in dimension three
in [HN3].
Next, suppose that J is a λ-compatible almost complex structure on R × Y which sat-
isfies the transversality conditions needed to define cylindrical contact homology, see [HN2,
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Def. 1.1]. We show how to then compute the S1-equivariant contact homology using an au-
tomonomous family of almost complex structures. (In general, a slight perturbation of the
autonomous family might be needed to obtain the transversality necessary to define the S1-
equivariant differential. See [HN2, §5.2] for details.) We then show that the S1-equivariant
theory, when tensored with Q, is isomorphic to the cylindrical contact homology proposed
by Eliashberg-Givental-Hofer, when the latter can be defined.
Theorem 1.17 (Theorem 1.9 [HN2]). Let Y be a closed manifold, let λ be a nondegenerate
hypertight contact form on Y , and write ξ = ker(λ). Let J be an almost complex structure
on R× Y which is admissible (see [HN2, Def. 5.2]). Then there is a canonical isomorphism
CHS
1
∗ (Y, ξ;Z)⊗Q = CHEGH∗ (Y, λ, J).
Corollary 1.18. CHEGH∗ is an invariant of closed contact manifolds (Y, ξ) for which there
exists a pair (λ, J) where λ is a nondegenerate hypertight contact form with ker(λ) = ξ, and
J is an admissible λ-compatible almost complex structure.
Again, we will upgrade these results to hold for dynamically convex contact forms in
dimension three in [HN3]. In contrast to [HN2, HN3], this paper is concerned with the more
restricted class of dynamically separated contact forms which allows us to directly obtain
regularity for S1-independent pseudoholomorphic cylinders in cobordisms.
1.4 Filtered cylindrical contact homology
The action of a Reeb orbit γ is given by A(γ) :=
∫
γ
λ.. Since J is a λ-compatible almost
complex structure on the symplectization it follows [Ne15, Lem. 2.18] that the cylindrical
contact homology differential(s) decreases the action, e.g. if 〈∂±γ+, γ−〉 6= 0 then A(γ+) >
A(γ−).
Thus, given any real number L it makes sense to define the filtered cylindrical contact ho-
mology, denoted by CHEGH,L∗ (M,λ, J), to be the homology of the subcomplex C
EGH,L
∗ (M,λ, J)
of the chain complex spanned by generators of action less than L. The invariance of these
filtered cylindrical contact homology groups is more subtle than in the unfiltered case, as
they typically depend on the choice of contact form, cf. [HT13, Thm 1.3]. We elucidate this
point further.
There are various natural maps defined on filtered cylindrical contact homology, which
we will also explore from a computational perspective in Section 5.2. First, if L < L′ there
is a map
ιL,L
′
J : CH
EGH,L
∗ (M,λ, J)→ CHEGH,L∗ (M,λ, J) (1.4.1)
induced by the inclusion of chain complexes. Given sufficient regularity, the cylindrical
contact homology can be recovered from the filtered contact homology by taking the direct
limit over L,
CHEGH∗ (M,λ, J) := lim
L→∞
CHEGH,L∗ (M,λ, J). (1.4.2)
In addition, if c is a positive constant, then there is a canonical “scaling” isomorphism
sJ : CH
EGH,L
∗ (M,λ, J)
'−→ CHEGH,cL∗ (M, cλ, J c), (1.4.3)
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where J c is defined to agree with J when restricted to the contact planes ξ. This is because
the chain complexes on both sides have the same generators and the self-diffeomorphism of
R ×M sending (s, y) 7→ (cs, y) induces a bijection between the J-holomorphic curves and
J c-holomorphic curves.
To define CHEGH,L∗ (M,λ, J) one does not need the full assumption that λ is nonde-
generate; the below weaker notion in conjunction with the L-dynamically separated or L-
dynamically convex assumption will suffice.
Definition 1.19. The contact form λ is L-nondegenerate if all Reeb orbits of action
less than L are nondegenerate and there is no Reeb orbit of action exactly L. An L-
nondegenerate dynamically separated contact form is one which is both L-nondegenerate
and L-dynamically separated.
If λ is L-hypertight, but possibly degenerate, and if λ does not have any Reeb orbit
of action equal to L, then one can still define the filtered cylindrical contact homology,
nonequivariant, or S1-equivariant contact homology by letting λ′ be a small L-nondegenerate
and L-hypertight perturbation of λ, see [HN2, §1.6]. This does not depend on the choice of
λ′ if the perturbation is sufficiently small. With this definition, if λ is hypertight but possibly
degenerate, then we still have the direct limit (1.4.2). We will mimic a similar construction
for prequantization bundles in this paper.
We obtain the following theorem, which asserts that under the dynamically separated
assumption, filtered cylindrical contact homology and the various maps on it do not depend
on J . The proof is completed in Section 3.
Theorem 1.20. Let M be a closed oriented connected 3-manifold.
(a) If λ is an L-nondegenerate dynamically separated contact form on M then CHEGH,L∗ (M,λ, J)
is well-defined and does not depend on the choice of generic λ-compatible almost com-
plex structure, so we denote it by CHEGH,L∗ (M,λ).
(b) If L < L′ and if λ is an L′-nondegenerate dynamically separated contact form on M ,
then the maps ιL,L
′
J in (1.4.1) induce a well-defined map
ιL,L
′
J : CH
EGH,L
∗ (M,λ)→ CHEGH,L
′
∗ (M,λ).
(c) If c > 0, then the scaling isomorphisms sJ in (1.4.3) induce a well-defined isomorphism
sJ : CH
EGH,L
∗ (M,λ)
'−→ CHEGH,cL∗ (M, cλ)
In Section 3.4 we show that the filtered cylindrical contact homology and various maps on
it do not depend on the choice of “nearby” L-nondegenerate dynamically separated contact
forms.
1.5 Methods and applications for prequantization bundles
A motivating example of dynamically separated condition comes from the following pertur-
bation of the canonical contact form on a prequantization bundle.
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Definition 1.21 (Prequantization). Let (Σ2n−2, ω) be a closed symplectic manifold such that
the cohomology class −[ω]/(2pi) ∈ H2(Σ;R) is the image of an integral class e ∈ H2(Σ;Z).
The principle S1 bundle pi : V 2n−1 → Σ with first Chern class e is the prequantization space.
The prequantization space V admits a contact form which is the real-valued connection
1-form λ on V whose curvature is ω.
Remark 1.22. In the above definition, S1 acts freely on V with quotient Σ and the primary
obstruction to finding a section Σ → V is e ∈ H2(Σ;Z). The derivative of the S1 action,
denoted R, is the vector field on V tangent to the fibers. Moreover λ is invariant under the
S1 action, λ(R) = 1, and dλ = pi∗ω. Thus R is the Reeb vector field associated to (V, λ) and
the Reeb orbits are comprised of the fibers of this bundle, by design of period 2pi, and their
iterates.
One can perturb the contact form λ on V via a lift of a Morse-Smale1 function H which
is C2 close to 1 on the base Σ,
λε = (1 + εpi
∗H)λ. (1.5.1)
The cylindrical contact homology can then be expressed in terms of the Morse homology
of the base. Details of similar constructions have previously appeared in work of Bourgeois
[Bo02] and Vaugon [Va11, §6]. We define the contact form
Lemma 1.23. The Reeb vector field of λε is given by
Rε =
R
1 + εpi∗H
+
εX˜H
(1 + εpi∗H)2
, (1.5.2)
where XH is the Hamiltonian vector field
2 on Σ and X˜H is its horizontal lift.
We have the following formula for the Conley-Zehnder indices of iterates of orbits which
project to critical points p of H. We denote the k-fold iterate of an orbit which projects to
p ∈ Crit(H) by γkp .
Lemma 1.24. Fix L > 0 and H a Morse-Smale function on Σ which is C2 close to 1.
Then there exists ε > 0 such that all periodic orbits γ of Rε with action A(γ) < L are
nondegenerate and project to critical points of H. The Conley-Zehnder index such a Reeb
orbit over p ∈ Crit(H) is given by
µΦCZ(γ
k
p ) = µ
Φ
RS(γ
k)− n+ indexpH,
where µΦRS(γ
k) is the Robbin-Salamon index of the k-fold iterate of the fiber γ = pi−1(p).
There is a well known relation between the Maslov index of the fiber γ and the Chern
number of the base (Σ, ω), for example in [vKnotes]. If (Σ, ω) is the standard (S2, ω0) where∫
S2
ω0 = 4pi we have the following result.
1We make a slight abuse terminology here, saying that H Morse-Smale instead of saying that the pair
(H, g = ω(·, J ·)) is Morse-Smale.
2We use the convention ω(XH , ·) = dH.
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Proposition 1.25. Let (V, λ) be the prequantization bundle over the closed symplectic man-
ifold (S2, kω0) for k ∈ Z>0. Then (V, ξ) = (L(k, 1), ξstd) and the k-fold cover of every simple
orbit γ is contractible and µΦRS(γ
k) = 4.
These results are proven in Section 4, permitting us to conclude that the contact form λε
associated to any prequantization bundle over (S2, kω0) is dynamically separated up to large
action. We obtain a natural filtration on both the action and the SFT-grading of Reeb orbits
associated to Rε. We investigate this double filtration in Section 5, yielding the following
Morse-Bott computational result.
Proposition 1.26. Under the assumptions of Lemma 1.24, for generic λε-compatible Jε
and with respect to each free homotopy class Γ, the filtered cylindrical contact homology
CHEGH,Lε∗ (V, λε, Jε,Γ) consists of copies of H
Morse
∗ (Σ, H;Q) with ∂EGH± = ∂MorseH on each copy.
The use of direct limits in conjunction with the above geometric perturbation allows us
avoid the analytic difficulties of directly degenerating moduli spaces of pseudoholomorphic
cylinders.
Theorem 1.27. Let (V, kerλ) be a prequantization bundle over an integral closed symplectic
surface (Σ2, ω). Then with respect to each free homotopy class Γ, CHEGH∗ (V, kerλ,Γ) consists
of an infinite number of appropriately SFT-grading shifted copies of the singular homology
of the base.
Remark 1.28 (Applicability to higher genus surfaces). Prequantization bundles over closed
Riemann surfaces Σg with g ≥ 1 are not dynamically separated as there does not exist
a global trivialization of ξ. However, there exist local constant trivializations which are
sufficient to define and compute cylindrical contact homology as in Theorem 1.27. This is
due to the the absence of contractible orbits, that the multiplicity of the orbit determines
its free homotopy class, and the existence of trivializations which guarantee regularity of the
relevant unbranched covers of low index cylinders. This is explained in Section 4.
The following remarks detail applications of the above Morse-Bott methods for pre-
quantization bundles over closed oriented surfaces. These applications require more robust
invariance results than obtained in this paper, such as those in [HN2] in the hypertight case
or the forthcoming joint work with Hutchings [HN3] for the three dimensional dynamically
convex case. The abstract perturbation methods under development by Hofer, Wysocki, and
Zehnder, together with Fish and Wehrheim are also expected to suffice.
Remark 1.29 (Growth Rates). In conjunction with Vaugon’s work [Va15], we expect the
above methods to permit us to prove growth results for the cylindrical contact homology of
prequantization bundles over closed oriented surfaces. The growth rates should depend on
the Euler characteristic of the base and the Euler number of the fibration.
Remark 1.30 (Refinements of the Conley Conjecture). Ginzburg, Gu¨rel, and Macarini ex-
plain in [GGM18, §6] how one could use cylindrical contact homology in conjunction with
Morse-Bott methods to refine [GGM18, Theorem 2.1]. This would give more precise lower
bounds on the number of geometrically distinct contractible (non-hyperbolic) periodic Reeb
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orbits of prequantization bundles. Another application is a refinement of the Conley Con-
jecture [GGM15, Theorem 2.1], which under certain assumptions (cf. §4.2-4.3) guarantees
that for every sufficiently large prime k, the Reeb flow has a simple closed orbit in the
k-th iterate of the free homotopy class of the fiber. We expect that the methods of this
paper in conjunction with the stronger invariance results of [HN2, HN3] permit these ex-
tensions for prequantization bundles (V 3, ξ) over closed oriented surfaces (Σ2, ω). In their
work, Ginzburg, Gu¨rel, and Macarini previously analyzed S1-equivariant symplectic homol-
ogy to rigorously extract dynamical information of Reeb flows associated to prequantization
bundles.
Remark 1.31 (Hope for higher dimensions). Recent work by Wendl [Wen] establishes
transversality for certain multiply covered closed curves in higher dimensions. Given that
there is no obvious obstruction to applying the same techniques to study punctured curves in
symplectic cobordisms we expect that Wendl’s methods combined with those used to prove
Theorem 1.27 can be generalized to apply to prequantization spaces over higher dimensional
monotone symplectic manifolds.
1.6 Examples
We conclude this section with some examples.
Example 1.32 (3-sphere). The contact 3-sphere (S3, ξstd = kerλ0) can be realized as a
prequantization space via the Hopf fibration S1 ↪→ S3 h−→ S2 over (S2, ω0),
h(u, v) = (2uv¯, |u|2 − |v|2), (u, v) ∈ S3 ⊂ C2.
Let H be a Morse-Smale function on S2 and λε as in (1.5.1). The only fibers that
remain Reeb orbits associated to λε are iterates of fibers over the critical points p of H. For
sufficiently small ε the surviving k-fold covers of simple orbits in the fiber, denoted by γkp ,
have action L . 1/ε, are non-degenerate, and satisfy
µCZ(γ
k
p ) = 4k − 1 + indexp(H). (1.6.1)
If we take H = z, the height function on S2 as in Figure 1.1 then we obtain a maximum
at the north pole (index 2) and a minimum at the south pole (index 0). Because the
index increases by 4 under iteration, we have that µCZ(γ
k
p ) in (1.6.1) is always odd, so the
differential vanishes, resulting in the following theorem.
Theorem 1.33. The cylindrical contact homology for the sphere (S3, ξstd) is given by
CH∗(S3, ξstd;Q) =
{
Q ∗ ≥ 2, even
0 ∗ else
We similarly obtain the following result for the lens space L(n+ 1, 1), equipped with the
standard contact structure induced from the standard one on S3.
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Figure 1.1: −∇H for H = z with a fiber over S2 and S2/Z3 respectively.
Theorem 1.34. The cylindrical contact homology for the lens space (L(n + 1, 1), ξstd) is
given by
CH∗(L(n+ 1, n), ξstd;Q) =

Qn ∗ = 0
Qn+1 ∗ ≥ 2, even
0 ∗ else
We are able to adapt these methods to compute cylindrical contact homology of (L(n+
1, n), ξstd) as follows. It is interesting to note that cylindrical contact homology groups alone
cannot distinguish (L(n+1, n), ξstd) from (L(n+1, 1), ξstd). However, the classical first Chern
class is capable of distinguishing them.
Example 1.35 ((L(n+ 1, n), ξstd)). If pi1(M) is abelian then the ki(Γ, γ) form an arithmetic
progression because
pi0(ΩM) = pi1(M)/{conjugacy} ∼= pi1(M).
This applies to the lens space (L(n + 1, n), ξstd), as each free homotopy class Γ may be
represented as an element of {0, 1, ...n}, where 0 represents a contractible class. As a result,
an arbitrary cover of a closed orbit may not be of the same free homotopy class Γ. This will
only be the case when the k`(Γ, γ)-th cover is given by
k`(Γ, γ) = `(n+ 1) + Γ, for Γ 6= 0 and ` ∈ Z≥0.
The procedure described in the previous example holds, though some care must be taken in
regards to the fact that the base is now a symplectic orbifold.
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We note that the Lens spaces (L(n + 1, n), ξstd) are contactomorphic to the links of the
An singularities (LAn , ξAn), with
LAn := {z ∈ C3 | zn+10 + z21 + z22 = 0} ∩ S5
and the canonical contact structure given by
ξAn := T (LAn) ∩ J0T (LAn).
As (LAn , ξAn) is an example of a Brieskorn manifold, it is well known that c1(ξAn) = 0
[vK08, §2], thus c1(ξL(n+1,n)) = 0. The quotient of S3 with the following cyclic subgroup
of SU2(C) yields the Lens space L(n + 1, n). This cyclic subgroup is Zn+1, which acts
on C2 by u 7→ εu, v 7→ ε−1v, where ε = e2pii/(n+1), a primitive (n + 1)-th order root of
unity. The complex volume form du∧ dv on C2 can be used to compute the Conley-Zehnder
indices associated to Reeb orbits of S3 without local trivializations. Since Zn+1 ⊂ SU2(C),
this means that the complex volume form du ∧ dv descends to the quotient, allowing one to
compute the Conley-Zehnder indices associated to Reeb orbits of L(n+1, n). This procedure
yields the following formulas for the Conley-Zehnder indices.
Let γp be the underlying simple orbit over a critical point p of H. For every ` ∈ Z>0, we
obtain a contractible orbit γ
`(n+1)
p of index
µCZ(γ
`(n+1)
p ) = 4`− 1 + indexp(H) (1.6.2)
Otherwise for every ` ∈ Z≥0 we obtain a noncontractible Reeb orbit γ`(n+1)+Γp in the free
homotopy class Γ ∈ {1, 2, ..., n} of index
µCZ(γ
`(n+1)+Γ
p ) = 2 + 4
⌊
`(n+1)+Γ
n+1
⌋
− 1 + index p(H)
= 2 + 4`− 1 + indexp(H),
(1.6.3)
When using the height function as in Figure 1.1 the differential vanishes in light of (1.6.2),
yielding the following theorem.
Theorem 1.36. The cylindrical contact homology for the lens space (L(n + 1, n), ξstd) is
given by
CH∗(L(n+ 1, n), ξstd;Q) =

Qn ∗ = 0
Qn+1 ∗ ≥ 2, even
0 ∗ else
The lens space (L(n + 1, n), ξstd) is contactomorphic to the link of the An singularity
[AHNS17, Theorem 1.8], and our computation agrees with [AHNS17, Theorem 1.5]. Thus
an alternate interpretation of Theorem 1.36 is that cylindrical contact homology of the link
of the An singularity is a free Q[u] module of rank equal to the number of conjugacy classes
of the finite subgroup An of SL(2;C).
In future work, we will generalize Theorem 1.27 so that one can work with prequanti-
zation bundles over symplectic orbifolds. In this setting, the contact homology differential
should agree with the Morse orbifold differential. This would allow us to compute cylindrical
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contact homology of many Seifert fiber spaces and many three dimensional links of weighted
homogeneous polynomials. When the defining polynomial is homogeneous the link can be
realized as a prequantization bundle over a symplectic manifold. This generalization yields a
Floer theoretic interpretation of the McKay correspondence in terms of the Reeb dynamics
of the links of the simple singularities. This agrees with work by McLean and Ritter [McRi]
which establishes a relationship between the cohomological McKay correspondence and sym-
plectic homology. Thus we expect that the cylindrical contact homology CHEGH∗ (S
3/Γ, ξ0)
is a free Q[u] module of rank equal to the number of conjugacy classes of the finite subgroup
Γ of SL(2;C).
2 Pseudoholomorphic preliminaries
The chain map and chain homotopy will be defined via counts of elements of moduli spaces
of cylinders in Section 3. However, we still need to consider moduli spaces of finite energy
genus 0 curves with one positive and an arbitrary number of negative ends asymptotic to
Reeb orbits. Section 2.1 reviews the necessary background of finite energy genus 0 curves
with an arbitrary number of negative punctures. Section 2.2 reviews some facts about the
Conley-Zehnder index of Reeb orbits associated to contact 3-manifolds. Section 2.3 shows
that under the dynamically separated assumption, index -1 and 0 cylinders are regular, a
key component in proving that the chain map and chain homotopy are well-defined.
2.1 The letter J is for pseudoholomorphic
Let (W,λ) be a compact, connected, exact symplectic manifold such that
∂W = M+ −M−,
and λ± = λ|M± is a contact form on M±. Define (W,λ) to be the completion of (W, dλ) by
W = (−∞, 0]×M− unionsqW unionsq [0,∞)×M+.
Let J be an almost complex structure which is dλ-compatible on W as well as λ±-compatible
on the symplectization ends of W . The pair (W,λ) is called an exact symplectic cobor-
dism.
An almost complex structure J on W is said to be cobordism compatible if
• J agrees on [0,∞)×M+ with the restriction of a λ+-compatible almost complex struc-
ture J+ on R× Y+;
• J agrees on (−∞, 0] × M− with the restriction of a λ−-compatible almost complex
structure J− on R× Y−;
• J is compatible with the symplectic form dλ on X.
Throughout we will assume that all cobordisms are exact.
When constructing the chain homotopy we need to consider a one parameter family of 1-
forms {λτ}τ∈[0,1] on W such that dλτ is symplectic and λτ |M± = λ± for all τ ∈ [0, 1]. For each
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τ ∈ [0, 1], let (W,λτ ) be the completion of (W,λτ ) and let J = {Jτ} be a 1-parameter smooth
family of almost complex structures which is cobordism compatible for each τ ∈ [0, 1].
Asymptotically cylindrical curves are equivalent to finite (Hofer) energy curves
and defined as follows. Let (Σ, j) be a closed Riemann surface and Γ be a set of points which
are the punctures of Σ˙ := Σ \ Γ. Asymptotically cylindrical maps are pseudoholomorphic
maps
u : (Σ˙, j)→ (W,J),
subject to the asymptotic condition (2.1.1). The domain of all the curves of interest in this
paper is a multiply punctured sphere (Σ˙, j) := (S2 \ {x, y1, ..., ys}, j0).
After partitioning the punctures into positive and negative subsets wherein Γ+ := {x}
and Γ− := {y1, ..ys}, we consider asymptotically cylindrical J-holomorphic curves which
are assumed to have the property that for each z ∈ Γ±, there exist holomorphic cylindrical
coordinates identifying a punctured neighborhood of z with a respective positive half-cylinder
Z+ = [0,∞) × S1 or negative half-cylinder Z− = (−∞, 0] × S1 and a trivial cylinder uγz :
R× S1 → R×M such that
u(s, t) = expuγz (s,t) hz(s, t) for |s| sufficiently large, (2.1.1)
where hz(s, t) is a vector field along uγz satisfying |hz(s, ·)| → 0 uniformly as s→ ±∞. Both
the norm and the exponential map are assumed to be defined with respect to a translation-
invariant choice of Riemannian metric on R×M .
The moduli space of asymptotically cylindrical curves is the space of equivalence classes
of asymptotically cylindrical pseudoholomorphic maps; here an equivalence class is defined
by the data (Σ, j,Γ, u), where Γ is an ordered set. An equivalence class (Σ, j,Γ, u) ∼
(Σ′, j′,Γ′, u′) of asymptotically cylindrical pseudoholomorphic maps, [(Σ, j,Γ, u)], is deter-
mined whenever there exists a biholomorphism φ : (Σ, j) → (Σ′, j′) taking Γ to Γ′ with the
ordering preserved, i.e. φ(Γ+) = Γ
′
+ and φ(Γ−) = Γ
′
−, such that u = u
′ ◦ φ.
We denote the moduli space of genus 0 asymptotically cylindrical pseudoholomor-
phic curves with 1 positive end and s negative ends limiting on the Reeb orbits γ+, γ1, ..., γs
by
M̂J(γ+; γ1, ..., γs).
We also are interested in genus 0 finite energy planes3, which are pseudoholomorphic
curves
u : (S2 \ {x}, j0)→ (W,J)
asymptotically cylindrical to a single nondegenerate Reeb orbit γ at the puncture x. When
W = R ×M and J is R-invariant then R acts on these moduli spaces by external trans-
lations
u = (a, f)→ (a+ ρ, f),
and we denote the quotient by
MJ(γ; γ1, ...γs) := M̂
J(γ; γ1, ...γs)/R.
3Note that (S2 \ {x}, j0) is biholomorphic to (C, j0), hence the terminology plane.
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When W = R×M and J is λ-compatible, then the maximum principle implies that the
puncture of a finite energy plane is always positive. In a non-R invariant exact symplectic
cobordism, Stokes’ theorem can be used to obtain that the puncture is always positive,
because the energy is positive. For further details see [Wen-SFT, §10].
Definition 2.1. An asymptotically cylindrical pseudoholomorphic curve
u : (Σ˙ := Σ \ (Γ+ unionsq Γ−), j)→ (W,J)
is said to be multiply covered whenever there exists a pseudoholomorphic curve
v : (Σ˙′ := Σ′ \ (Γ′+ unionsq Γ′−), j′)→ (W,J),
and a holomorphic branched covering ϕ : (Σ, j)→ (Σ′, j′) with Γ′+ = ϕ(Γ+) and Γ′− = ϕ(Γ−)
such that
u = v ◦ ϕ, deg(ϕ) > 1,
allowing for ϕ to not have any branch points. Recall that m(u) := deg(ϕ).
An asymptotically cylindrical pseudoholomorphic curve u is called simple whenever it
is not multiply covered. In [Ne15, §3.2] we gave a proof of the folk theorem that that every
simple asymptotically cylindrical curve is somewhere injective, meaning for some z ∈ Σ˙,
du(z) 6= 0 u−1(u(z)) = {z}.
A point z ∈ Σ˙ with this property is called an injective point of u.
An immersed pseudoholomorphic curve (with one positive puncture) is an equivalence
class of tuples (Σ, j,Γ, u) such that u is an immersion.
If the asymptotic orbits of a curve u ∈ M̂J(γ; γ1, ..., γs) are all nondegenerate, then the
virtual dimension of M̂J(γ; γ1, ..., γs) is equal to the index, which is given by
ind(u) = −χ(Σ˙) + µΦCZ(γ)−
s∑
i=1
µΦCZ(γi) + 2c
Φ
1 (u
∗TW, J), (2.1.2)
as in [Wen10], with χ(Σ˙) = (2 − 2g(Σ) − #Γ+ − #Γ−) and Φ a trivialization of ξ along
the asymptotic orbits of u. In particular, cΦ1 (u
∗TW, J) is the relative first Chern number
of (u∗TW, J) → Σ˙ with respect to a suitable choice of Φ along the ends and boundary.
Moreover, the relative first Chern class vanishes when the trivialization Φ extends to a
trivialization of u∗ξ.
Remark 2.2. When g = 0 we can always choose a trivialization Φ (fixed up to homo-
topy) such that cΦ1 (u
∗TW, J) = 0. More precisely, we choose a trivialization Φ so that
cΦ1 (v
∗TW, J) = 0 for a somewhere injective curve genus 0 asymptotically cylindrical curve
v with one positive puncture and at least one negative puncture. This implies for any
(branched) cover u := ϕ ◦ v, that cΦ1 (u∗TW, J) = 0. Without loss of generality we can work
with the following index formula
ind(u) = −(1− s) + µΦCZ(γ)−
s∑
i=1
µΦCZ(γi). (2.1.3)
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If u is a non-constant curve then the action of Aut(Σ˙, j) induces a natural inclusion of
its Lie algebra aut(Σ˙, j) into kerD∂¯J(u). In [Wen-SFT, §7] Wendl provides a complete proof
that the moduli spaces of somewhere injective curves are cut out transversely for generic
choice of J in a cobordism (W,J). When J is R-invariant and W = R×M , the “standard”
argument must be modified; see [Wen-SFT, §8].
Next we recall some transversality theorems in cobordisms. In the statements of these
theorems we suppress the notation specifying Reeb orbits and denote M̂J to be a moduli
space of asymptotically cylindrical curves.
Theorem 2.3. [Wen-SFT, Theorem 8.1] Let J be the set of all λ-compatible almost complex
structures on R×M where λ is nondegenerate. Then there exists a comeager subset Jreg ⊂ J,
such that for every J ∈ Jreg, every curve u ∈ M̂J with a representative u : (Σ˙, j)→ (R×M,J)
that has an injective point z ∈ Σ˙ satisfying piξ ◦ du(z) 6= 0 is Fredholm regular.
The above result also holds for the set of somewhere injective curves in completed exact
symplectic cobordisms (W,J); see [Wen-SFT, Theorem 7.2].
Theorem 2.4. Let λ± be nondegenerate contact forms on a closed manifold M and J be
a generic cobordism compatible almost complex structure. Then every somewhere injective
curve u ∈ M̂J is Fredholm regular.
Moreover, we have that Fredholm regularity implies that a neighborhood of a curve
admits the structure of a smooth orbifold.
Theorem 2.5 (Theorem 0, [Wen10]). Assume that u : (Σ˙, j) → (W,J) is a non-constant
curve in M̂J(γ; γ1, ..., γs) asymptotic to nondegenerate orbits. If u is regular, then a neighbor-
hood of u in M̂J(γ, γ1, ..., γs) naturally admits the structure of a smooth orbifold of dimension
ind(u) = −(1− s) + µΦCZ(γ)−
s∑
i=1
µΦCZ(γi),
whose isotropy group at u is given by
Aut := {ϕ ∈ Aut(Σ˙, j) | u = u ◦ ϕ}.
Moreover, there is a natural isomorphism
TuM̂
J(γ; γ1, ..., γs) = kerD∂¯J(j, u)/aut(Σ˙, j).
Remark 2.6. The above results can be extended to include moduli spaces dependent on
finitely many parameters, necessary in establishing the chain homotopy. Let P be a smooth
finite-dimensional manifold and let {Jτ}τ∈P be a smooth family of complex structures. A
parametric moduli space is defined by
M̂({Jτ}τ∈P ) = {(τ, u) | τ ∈ P, u ∈M(Jτ )}.
An analogous notion of parametric regularity holds for pairs (τ, u) ∈ M̂J({Jτ}τ∈P ), which
is an open condition such that the space M̂reg({Jτ}τ∈P ) of parametrically regular elements
will be an orbifold of dimension
dim M̂reg({Jτ}τ∈P ) = vdimM̂J + dim(P ).
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In particular, we obtain the following parametric regularity result. The proof follows by
modifying the full details given in the closed case in [Wen-notes, §4.5] to the set up for the
punctured case in [Wen-SFT, §7]. Full details in the Hamiltonian Floer setting are given in
[ADfloer, §11.3].
Theorem 2.7. Let λ± be nondegenerate contact forms on a closed, connected manifold M
and suppose the smooth family of cobordism compatible almost complex structures {Jτ}τ∈P is
generic and varies on an open subset U in the complement of the cylindrical ends of (W,J)
for τ lying in some precompact open subset V ⊂ P . Then all elements (τ, u) ∈ M̂({Jτ}τ∈P )
for which τ ∈ V and u has an injective point mapping to U are parametrically regular.
Remark 2.8. In this paper we will take P = [0, 1] and V = (0, 1) so that we can con-
sider generic homotopies of almost complex structures. Note that regularity in the sense
of Theorem 2.4 always implies parametric regularity, while the converse is false. However,
when automatic transversality holds, one can guarantee regularity for all Jτ with no need
for genericity.
2.2 The Conley-Zehnder index in dimension 3
In this section we review properties of the Conley-Zehnder index of a Reeb orbit γ, with re-
spect to an appropriate (local) trivialization Φ, in an arbitrary 3-dimensional nondegenerate
contact manifold (M,λ). First, pick a parametrization γ : R/TZ→ M . Let {ϕt}t∈R denote
the one-parameter group of diffeomorphisms defined by the flow of the Reeb vector field R.
The linearized flow
dϕt : Tγ(0)M → Tγ(t)M
induces a symplectic linear map
φt : ξγ(0) → ξγ(t),
which can be realized as a 2×2 symplectic linear map via the trivialization Φ. We have that
φ0 = 1 and φT is the linearized return map with respect to our trivialization.
We define and compute the Conley-Zehnder index µΦCZ(γ) := µ
Φ
CZ
({φt}t∈[0,T ]) ∈ Z via
the family of symplectic matrices {φt}t∈[0,T ] as follows.
Elliptic case: In the elliptic case there is a special trivialization that one can pick so that
the linearized flow {φt} can be realized as a path of rotations. If we take Φ to this
trivialization so that each φt is rotation by the angle 2piϑt ∈ R then ϑt is a continuous
function of t ∈ [0, T ] satisfying ϑ0 = 0 and ϑ := ϑT ∈ R \ Z. The number ϑ ∈ R \ Z the
rotation angle of γ with respect to the trivialization and
µΦCZ(γ
k) = 2bkϑc+ 1.
More generally, there is a definition of rotation number of a path of invertible 2 × 2
matrices (starting at the identity) which does not require any of the matrices to be a
rotation, resulting in the same formula in terms of ϑ. In the latter situation we continue
the abusive practice of referring to the quantity ϑ as the rotation angle of γ.
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Hyperbolic case: Let v ∈ R2 be an eigenvector of φT . Then for any trivialization used,
the family of vectors {φt(v)}t∈[0,T ], rotates through angle pir for some integer r. The
integer r is dependent on the choice of trivialization Φ, but is always even in the positive
hyperbolic case and odd in the negative hyperbolic case. We obtain
µCZ(γ
k) = kr.
The Conely-Zehnder index depends only on the Reeb orbit γ and homotopy class of Φ
in the set of homotopy classes of symplectic trivializations of the 2-plane bundle γ∗ξ over
S1 = R/TZ. Our sign convention is that if
Φ1, Φ2 : γ
∗ξ → S1 × R2
are two trivializations then
Φ1 − Φ2 = deg
(
Φ2 ◦ Φ−11 : S1 → Sp(2,R) ∼= S1
)
. (2.2.1)
Given two trivializations Φ1 and Φ2 we have that
µΦ1CZ(γ
k)− µΦ2CZ(γk) = 2k(Φ1 − Φ2). (2.2.2)
We denote the set of homotopy classes of symplectic trivializations of the 2-plane bundle γ∗ξ
over S1 by T(γ).
The following proposition shows that in dimension 3, the Conley-Zehnder index grows
almost linearly and will be used in Section 3.1. It follows immediately by considering the
above Conley-Zehnder index formulas; see [Ne15, Prop. 4.4] for further details.
Proposition 2.9. Let (M,λ) be a nondegenerate contact 3-manifold. Let γ be any closed
Reeb orbit of R and γk its k-fold cover. Then
kµΦCZ(γ)− k + 1 ≤ µΦCZ(γk) ≤ kµΦCZ(γ) + k − 1. (2.2.3)
The almost linear behavior of the Conley-Zehnder index is used to prove the following
estimate on the index of multiply covered cylinders in symplectizations; see [HN16, Lem.
2.5] and [Ne15, Prop 4.5] for full details.
Lemma 2.10. Let (M3, λ) be a closed nondegenerate contact manifold, J be a generic λ-
compatible almost complex structure, and u be a nontrivial J-holomorphic cylinder in R×M .
If u denotes the somewhere injective pseudoholomorphic cylinder underlying u then
(i) 1 ≤ ind(u) ≤ ind(u).
(ii) If ind(u) = 1, and if u has an end at a bad Reeb orbit, then the corresponding end of u
is also at a bad Reeb orbit.
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2.3 Regularity for cylinders
In this section we flesh out an observation of Hutchings [HuOBG], which enables us to
obtain transversality for certain unbranched multiple covered cylinders in cobordisms of
closed contact 3-manifolds where the usual automatic transversality approach, e.g. [Wen10,
Theorem 1], is not applicable. Before stating the results, we review the necessary set up,
including background needed from embedded contact homology (ECH).
Let u be an immersed pseudoholomorphic curve in W . Let pi : u˜ → u be a degree k
unbranched4 cover of u. Let Nu be the normal bundle to u. As explained in [Hu14, §2.3],
there is a deformation operator
Du : L
2
1(Σ˙, Nu)→ L2(Σ˙, T (0,1)Σ˙⊗C Nu) (2.3.1)
and the moduli space of pseudoholomorphic curves is cut out transversely when Du is sur-
jective. When Du is surjective, the tangent space of the moduli space can be identified with
ker(Du) and the index of Du is the Fredholm index ind(u).
There is an induced operator associated to the cover u˜ of u
Du˜ : L
2
1(
˜˙Σ, pi∗Nu)→ L2(˜˙Σ, T (0,1) ˜˙Σ⊗C pi∗Nu). (2.3.2)
The definition of these operators requires the choice of a local complex trivialization of Nu.
Let z = s + it be a local coordinate on u and use idz¯ to locally trivialize T (0,1)Σ˙. Then
choose a local trivialization of Nu over this coordinate neighborhood. With respect to these
coordinates and trivializations, the operator locally is of the form
Du = ∂s + J∂t + β
where β is some (0, 1)-form on u, determined by the derivative of the almost complex struc-
ture in directions normal to u. Using the same local trivialization for pi∗Nu, we define
Du˜ = ∂s + J∂t + pi
∗β.
Intuitively speaking, Du˜ sees deformations of u˜ in directions normal to u.
Definition 2.11. The cover u˜ is agreeable if ker(Du˜) = 0.
Remark 2.12. If there are no branch points and ind(u˜) = 0, then u˜ is agreeable if and only
if it is transverse. The regularity result we will prove is in regards to unbranched covers.
However, should one need to consider the possibility of branch points, all branched covers in
the moduli space of branched covers of u containing u˜ must be agreeable. This is necessary
to define an obstruction bundle over the moduli space of such branched covers in order to
do gluing as in [HTII].
When there are no branch points,
ind(Du˜) = ind(u˜),
4Much of this discussion also holds for branched covers of curves.
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otherwise
ind(Du˜) = ind(u˜)− 2b. (2.3.3)
To see how (2.3.3) arises, recall that the Fredholm index of u˜ is given by
ind(u˜) = −χ(u˜) + 2cΦ1 (u˜∗TW ) + µΦ(u˜).
If u˜ is a k-fold cover of u we obtain by Riemann-Hurwitz, Theorem 3.2,
ind(u˜) = kχ(u) + b+ 2kcΦ1 (u
∗TW ) + µΦ(u˜),
where b is the weighted count of branch points. However, ind(u˜) is not the Fredholm index
of the operator Du˜ because the operator Du˜ does not consider deformations of u˜ that move
the branch points, so the dimension of its domain is 2b fewer.
Let h+(u˜) denote the number of ends of u˜ that are at positive hyperbolic orbits; this
includes even covers of negative hyperbolic orbits. A basic form of automatic transversality
for asymptotically cylindrical curves is as follows.
Proposition 2.13. Suppose that u˜ is an immersed pseudoholomorphic curve and
ind(u˜)− 2b+ 2− 2g(u˜)− h+(u˜) > 0. (2.3.4)
Then u˜ is agreeable.
Proof. Suppose ψ ∈ ker(Du˜) is not identically zero. From the Carleman similarity principle,
every zero of ψ is isolated and has positive multiplicity. Thus the signed count of zeroes of
ψ is nonnegative. On the other hand, we can bound the number of zeroes of ψ as in [HN16,
§4.1] to obtain
0 ≥ 2 ·#ψ−1(0) ≥ ind(u˜)− 2b+ 2− 2g(u˜)− h+(u˜).
If the right hand side is negative we obtain a contradiction. As a consequence, if the right
hand side is negative then u˜ is agreeable.
In [HN16, §4.2], we obtained the following transversality result for cylinders in symplec-
tizations via the above form of automatic transversality.
Lemma 2.14. Let M be a closed three-manifold with a nondegenerate contact form λ. Let
J be a generic λ-compatible almost complex structure on R×M . Then:
(i) For any Reeb orbits γ+ and γ−, the moduli space M̂J1 (γ+, γ−)/R is a 0-manifold cut out
transversely.
(ii) If γ+ and γ− are good Reeb orbits, then the moduli space M̂J2 (γ+, γ−)/R is a 1-manifold
cut out transversely.
(iii) If γ+ and γ− are good, then the function
d : M̂J2 (γ+, γ−)/R −→ Z>0,
which associates to each cylinder its covering multiplicity, is locally constant.
We also want to show in certain situations that u˜ is agreeable, even when Proposition
2.13 is not applicable. The formulation and proof of these conditions, necessitates some
embedded contact homology (ECH) apparatus, which we now review.
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2.3.1 The ingredients comprising the ECH index
The definition of the ECH index depends on three components: the relative first Chern class
cΦ, which detects the contact topology; the relative intersection pairing QΦ, which detects
the algebraic topology; and the Conley-Zehnder terms, which detect the contact geometry.
Let α = {(αi,mi)} and β = {(βj, nj)} be Reeb orbit sets in the same homology class,∑
imi[αi] =
∑
j nj[βj] = Γ ∈ H1(M). Let H2(M,α, β) denote the set of relative homology
classes of 2-chains Z in M such that
∂Z =
∑
i
miαi −
∑
j
njβj.
Definition 2.15 (relative first Chern class). Fix trivializations Φ+i ∈ T(αi) for each i and
Φ−j ∈ T(βj) and denote this set of trivalization choices by Φ ∈ T(α, β). Let Z ∈ H2(M,α, β).
We define the relative first Chern class
cΦ(Z) := c1 (ξ|Z ,Φ) ∈ Z
in terms of the following signed count of zeros of a particular section. Given a class Z ∈
H2(M,α, β) we represent Z by a smooth map f : S → M where S is a compact orieted
surface with boundary. Choose a section ψ of f ∗ξ over S such that ψ is transverse to the
zero section and ψ is nonvanishing over each boundary component of S with winding number
zero with respect to the trivialization Φ. We define
cΦ(Z) := #ψ
−1(0),
where ‘#’ denotes the signed count.
In addition to being well-defined, the relative first Chern class satisfies
cΦ(Z)− cΦ(Z ′) = 〈c1(ξ), Z − Z ′〉.
Given another collection of trivialization choices Φ′ =
({Φ′+i }, {Φ′−j }) over the orbit sets and
the convention (2.2.1), we have
cΦ(Z)− cΦ′(Z) =
∑
i
mi
(
Φ+i − Φ+
′
i
)
−
∑
j
nj
(
Φ−j − Φ−
′
j
)
. (2.3.5)
The above formula (2.3.5) also holds for computations of the relative first Chern class of the
normal bundle of a curve.
Before defining the relative intersection pairing we define the writhe and linking number.
Given a somewhere injective curve u ∈ MJ(γ+, γ−), we consider the slice u ∩ ({s} ×M). If
s 0, then the slice u∩({s}×M) is an embedded curve which is a braid ζ+ around the Reeb
orbit γ+ with m(γ+) strands. If γ+ is an embedded Reeb orbit with tubular neighborhood
N then we can identify N with a disk bundle in the normal bundle to N , and also with ξ|γ+ .
Thus ζ+ can be realized as a braid in N , defined as a link in N such that that the tubular
neighborhood projection restricts to a submersion ζ+ → γ. Since the braid ζ+ is embedded
for all s  0, its isotopy class does not depend on s  0. The trivialization Φ is used to
identify the braid ζ+ with a link in S
1 ×D2. We identify S1 ×D2 with an annulus cross an
interval, projecting ζ+ to the annulus, and require that the normal derivative along γ agree
with the trivialization Φ.
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Definition 2.16 (writhe). We define the writhe of this link, which we denote by wΦ(ζ+) ∈
Z, by counting the crossings of the projection to R2×{0} with (nonstandard) signs. Namely,
we use the sign convention in which counterclockwise rotations in the D2 direction as one
travels counterclockwise around S1 contribute positively. Analogously the slice u∩({s}×M)
for s 0 produces a braid ζ− and we denote this braid’s writhe by wΦ(ζ−) ∈ Z.
The writhe depends only on the isotopy class of the braid and the homotopy class of the
trivialization Φ. If ζ is an m-stranded braid and Φ′ ∈ T(γ) is another trivialization then
wΦ(ζ)− wΦ′(ζ) = m(m− 1)(Φ′ − Φ)
because shifting the trivialization by one adds a full clockwise twist to the braid.
If ζ1 and ζ2 are two disjoint braids around an embedded Reeb orbit γ we can define their
linking number `Φ(ζ1, ζ2) ∈ Z to be the linking number of their oriented images in R3.
The latter is by definition one half of the signed count of crossings of the strand associated
to ζ1 with the strand associated to ζ2 in the projection to R2 × {0}. If the braid ζk has mk
strands then a change in trivialization results in the following formula
`Φ(ζ1, ζ2)− `Φ′(ζ1, ζ2) = m1m2(Φ′ − Φ).
The writhe of the union of two braids can be expressed in terms of the writhe of the individual
components and the linking number:
wΦ(ζ1 ∪ ζ2) = wΦ(ζ1) + wΦ(ζ2) + 2`Φ(ζ1, ζ2).
If ζ is a braid around an embedded Reeb orbit γ which is disjoint from γ we define the
winding number to be the linking number of ζ with γ:
ηΦ(ζ) := `Φ(ζ, γ) ∈ Z.
In order to speak more “globally” of writhe and winding numbers associated to a curve, we
need the following notion of an admissible representative for a class Z ∈ H2(M,α, β), as in
[Hu09, Def. 2.11]. Given Z ∈ H2(M,α, β) we define an admissible representative of Z
to be a smooth map f : S → [−1, 1]×M , where S is an oriented compact surface such that
1. The restriction of f to the boundary ∂S consists of positively oriented covers of {1}×αi
whose total multiplicity ismi and negatively covers of {−1}×βj whose total multiplicity
is nj.
2. The projection pi : [−1, 1]×M →M yields [pi(f(S))] = Z.
3. The restriction of f to int(S) is an embedding and f is transverse to {−1, 1} ×M .
The utility of the notion of an admissible representative S for Z can be seen in the following.
For ε > 0 sufficiently small, S∩({1−ε}×Y ) consists of braids ζ+i with mi strands in disjoint
tubular neighborhoods of the Reeb orbits αi, which are well defined up to isotopy. Similarly,
S ∩ ({−1 + ε} × Y ) consists of braids ζ−j with nj strands in disjoint tubular neighborhoods
of the Reeb orbits αi, which are well defined up to isotopy.
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Thus an admissible representative of Z ∈ H2(M ;α, β) permits us to define the total
writhe of a curve interpolating between the orbit sets α and β by
wΦ(S) =
∑
i
wΦ+i (ζ
+
i )−
∑
j
wΦ−j (ζ
−
j ).
Here ζ+i are the braids with mi strands in a neighborhood of each of the αi obtained by
taking the intersection of S with {s} ×M for s close to 1. Similarly, the ζ−j are the braids
with nj strands in a neighborhood of each of the βj obtained by taking the intersection of
S with {s} ×M for s close to −1. Bounds on the writhe in terms of the Conley-Zehnder
index are given in [HN16, §3.1], which relates to asymptotic behavior of pseudoholomorphic
curves, extensively explored by Hutchings, cf. [Hu14, §5.1].
Taking a similar viewpoint with regard to the linking number results in the following
formula. If S ′ is an admissible representative of Z ′ ∈ H2(M,α′, β′) such that the interior of
S ′ does not intersect the interior of S near the boundary, with braids ζ+
′
i and ζ
−′
j we can
define the linking number of S and S ′ to be
`Φ(S, S
′) :=
∑
i
`Φ(ζ
+
i , ζ
+′
i )−
∑
j
`Φ(ζ
−
j , ζ
−′
j ).
Above the orbit sets α and α′ are both indexed by i, so sometimes mi or m′i is 0, similarly
both β and β′ are indexed by j and sometimes nj or n′j is 0. The trivialization Φ is a
trivialization of ξ over all Reeb orbits in the sets α, α′, β, and β′.
The relative intersection pairing can be defined using an admissible representative, which
is more general than the notion of a Φ-representative [Hu02, Def. 2.3], as the latter uses the
trivialization to control the behavior at the boundary. Consequently, we see an additional
linking number term appear in the expression of the relative intersection pairing when we use
an admissible representative.
Definition 2.17 (relative intersection pairing using an admissible representative). Let S
and S ′ be two surfaces which are admissible representatives of Z ∈ H2(M,α, β) and Z ′ ∈
H2(M,α
′, β′) whose interiors S˙ and S˙ ′ are transverse and do not intersect near the boundary.
We define the relative intersection pairing by the following signed count
QΦ(Z,Z
′) := #
(
S˙ ∩ S˙ ′
)
− `Φ(S, S ′). (2.3.6)
Moreover, QΦ(Z,Z
′) is an integer which depends only on α, β, Z, Z ′ and Φ. If Z = Z ′ then
we write QΦ(Z) := QΦ(Z,Z).
For another collection of trivialization choices Φ′,
QΦ(Z,Z
′)−QΦ′(Z,Z ′) =
∑
i
mim
′
i(Φ
+
i − Φ+
′
i )−
∑
i
njn
′
j(Φ
−
i − Φ−
′
i ).
We recall how [Hu09, §3.5] permits us to compute the relative intersection pairing using
embedded surfaces in M . An admissible representative S of Z ∈ H2(M,α, β) is said to be
nice whenever the projection of S to M is an immersion and the projection of the interior
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S˙ to M is an embedding which does not intersect the αi’s or βj’s. Lemma 3.9 from [Hu09]
establishes that if none of the αi equa the βj then every class Z ∈ H2(M,α, β) admits a nice
admissible representative.
If S is a nice admissible representative of Z with associated braids ζ+i and ζ
−
j then we
can define the winding number
ηΦ(S) :=
∑
i
ηΦ+i
(
ζ+i
)−∑
j
ηΦ−j
(
ζ−j
)
Lemma 2.18 (Lemma 3.9 [Hu09]). Suppose that S is a nice admissible representative of Z.
Then
QΦ(Z) = −wΦ(S)− ηΦ(S)
We are now ready to give the definition of the ECH index.
Definition 2.19 (ECH index). We define the ECH index to be
I(α, β, Z) = cΦ1 (Z) +QΦ(Z) +
∑
i
mi∑
k=1
µΦCZ(α
k
i )−
∑
j
nj∑
k=1
µΦCZ(β
k
j ).
Given a trivialization Φ of ξ over the γi’s contained in an orbit set γ = {(γi,mi)} we
make the shorthand definition
µΦ(γ) :=
∑
i
mi∑
k=1
µΦCZ(γ
k
i ).
In this shorthand notation the ECH index is expressed as
I(α, β, Z) = cΦ1 (Z) +QΦ(Z) + µΦ(α)− µΦ(β). (2.3.7)
Another set of trivialization choices Φ′ for γ yields
µΦ(γ)− µΦ′(γ) =
∑
i
(m2i +mi)(Φ
′
i − Φi). (2.3.8)
Moreover, the ECH index does not depend on the choice of trivialization. The budding ECH
enthusiast can find further details in [Hu14, §3].
Remark 2.20. If u is a cylinder, then the orbit sets α and β each consist of single Reeb
orbit. We denote these orbits by γ+ and γ−, respectively. We further take γ+ and γ− to be
the respective underlying embedded Reeb orbits for γ+ and γ−, e.g.
γ±m(γ±) = γ±,
where m(γ) is the multiplicity of the orbit γ. Then for Z ∈ H2(M,γ+, γ−) we have
I(u) = cΦ1 (u
∗ξ) +QΦ(Z) +
m(γ+)∑
`=1
µCZ
(
γ+
`
)− m(γ−)∑
`=1
µCZ
(
γ−`
)
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Definition 2.21 (Iu(u˜), the ECH index of u˜ “relative to u”). We can similarly define the
ECH index of an immersed curve u and its cover u˜ within the (underlying) normal bundle
Nu. We regard Nu a type of completed symplectic cobordism between the disjoint union
over the ends of u of the normal bundle of the corresponding (possibly multiply covered)
Reeb orbit. When u is regarded as a zero section it defines an embedded pseudoholomorphic
curve in Nu whose ends are all at distinct simple Reeb orbits, even if this is not true for the
original curve u. As a result, there is a well defined notion of the ECH index of u˜ in the
normal bundle Nu. This is defined by copying the above formulas in the normal bundle Nu.
We can think of this as the ECH index “relative to u”, and we denote it by Iu(u˜).
Remark 2.22. If u is somewhere injective in (W,J) and all its ends are at distinct simple
Reeb orbits, then the ECH index of u˜ in Nu agrees with the ECH index of u˜ in W ,
Iu(u˜) = I(u˜).
If u does not have these properties, then it is possible that Iu(u˜) 6= I(u˜).
2.3.2 Recollections on the relative adjunction formula
In this section we review the relative adjunction formulas of interest, which are later used
to show certain multiply covered cylinders are agreeable. This is taken from [Hu02, §3]
and is stated for pseudoholomorphic curves interpolating between orbit sets α and β in
symplectizations. As explained in [Hu09, §4.4] the proof carries over in a straightforward
manner to exact symplectic cobordisms.
Lemma 2.23. Let u ∈ M(α, β) be somewhere injective, S be a representative of Z ∈
H2(M,α, β), and Φ ∈ T(α, β). Let NS be the normal bundle to S.
(i) If u is further assumed to be embedded everywhere then
cΦ1 (Z) = χ(S) + c
Φ
1 (NS). (2.3.9)
(ii) For general embedded representatives S, e.g. ones not necessarily coming from pseuo-
holomorphic curves, (2.3.9) holds mod 2 and
cΦ1 (NS) = wΦ(S) +QΦ(Z,Z). (2.3.10)
(iii) If u is embedded except at possibly finitely many singularities then
cΦ1 (Z) = χ(u) +QΦ(Z) + wΦ(u)− 2δ(u), (2.3.11)
where δ(u) is a sum of positive integer contributions from each singularity.
Sketch of Proof.
(i) We have the following decomposition of complex vector bundles:
(C⊕ ξ)|S = TW |S = TS ⊕NS. (2.3.12)
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Let ψξ and ψN be Φ-trivial sections of ξ|S and N |S and let ψS be a nonvanishing section
of TS|∂S tangent to S. Over ∂S we have a homotopy through nonvanishing sections of
the determinant line bundles
1 ∧ ψξ ≈ ψS ∧ ψN .
In general, if Li is a complex line bundle on S and si is a nonvanishing section of Li|∂S
up to homotopy for i = 1, 2 then
c1(det(L1 ⊕ L2), s1 ∧ s2) = c1(L1, s1) + c1(L2, s2).
In light of this identity with respect to the above sections, we obtain
cΦ1 (Z) = χ(S) + c
Φ
1 (NS),
as desired.
(ii) The isomorphism in (2.3.12) still holds at the level of real vector bundles and still
respects the complex structure on ∂S after straightening S to be normal to {−1, 1}×M .
As a result, the relative first Chern classes differ by an even integer because changing the
complex structure on a rank two complex vector bundle over a closed surface changes
the first Chern class by an even integer.
To prove (2.3.10) we recall the following argument. Let  > 0 be small and let
S0 = S ∩ (−1 + , 1− )×M).
Let S ′ be a surface in which S \S0 is replaced by a surface S1, consisting of cobordisms
with Φ-trivial braids so that S ′ is a Φ-representative of Z. Let ψ be a section of the
normal bundle NS′ that is Φ-trivial over ∂S1. Let ψ0 and ψ1. denote the restrictions of
ψ to S0 and S1 respectively. We can compute QΦ(Z,Z) by counting the intersections
of S ′ with a pushoff of S ′ via Ψ so that
QΦ(Z,Z) = #Ψ
−1(0)
= #ψ−10 (0) + #ψ
−1
1 (0)
= cΦ1 (NS) + #ψ
−1
1 (0),
where ‘#’ indicates the number of points with signs after appropriately perturbing to
obtain transversality.
To see why
#ψ−11 (0) = −wΦ(S),
we note that in our cobordism of braids that we can take ψ1 to be the projection of
a nonzero vertical tangent vector in the annulus cross (-1,1) that we have identified a
tubular neighborhood of γ with. This section will have zeros at the branch points of
the projection to ([−1,−1 + ]∪ [1− , 1])×M where the writhes of the braids change.
(iii) Near each singular point we can perturb the surface to become an immersion which is
symplectic with respect to ω+ ds∧ dt on R×M and which only has transverse double
point singularities. The local contribution to δ is then the number of double points.
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To prove (2.3.11) we carry out the above perturbation near each singularity without
affecting any of the other terms. As a result, the normal bundle Nu → u is well
defined and a modification of the proof shows that shows that (2.3.9) still holds while
a correction of 2δ(u) is needed for (2.3.10) to hold.
Remark 2.24. If u is a closed pseudoholomorphic curve, then there is no writhe term or
trivialization choice, and (2.3.11) reduces to the usual adjunction formula
〈c1(TW ), [u]〉 = χ(u) + [u] · [u]− 2δ(u).
The following remark follows from Lemma 2.23(ii) and will be used later on to compute
the ECH index for certain unbranched multiply covered cylinders relative to the embededed
curve.
Remark 2.25. Suppose that u is a somewhere injective cylinder in (W,J) with ends at
simple positive hyperbolic orbits γ+ and γ− satisfying ind(u) = 0 and that Φ is a trivialization
for which cΦ1 (u) = 0. Let Z be the zero section in the normal bundle N determined by u.
Using the same trivialization Φ we have for any representative S of Z that cΦ1 (NS) = 0.
Moreover, wΦ(Z) = 0 because the ends of u are at simple distinct Reeb orbits and since u
is embedded, δ(u) = 0. Thus the relative adjunction formula implies that QΦ(Z) = 0. By
[Hu09, (3.11)] we can deduce that for any k-fold cover of u, the associated zero section kZ
in N satisfies
QΦ0(kZ) = k
2QΦ0(Z) = 0.
2.3.3 The ECH partition conditions and index inequality
Our regularity result also relies on the ECH partition conditions. These conditions are a
topological type of data associated to the pseudoholomorphic curves (and currents) which
can be obtained indirectly from certain ECH index relations. In particular, the covering
multiplicities of the Reeb orbits at the ends of the nontrivial components of the pseudoholo-
morphic curves (and currents) are uniquely determined by the trivial cylinder component
information. While not needed in this paper, we note that the genus can be determined by
the current’s relative homology class.
Definition 2.26. [Hu14, §3.9] Let γ be an embedded Reeb orbit and m a positive integer.
We define two partitions of m, the positive partition P+γ (m) and the negative partition
P−γ (m)
5 as follows.
• If γ is positive hyperbolic, then
P+γ (m) := P
−
γ (m) := (1, ..., 1).
• If γ is negative hyperbolic, then
P+γ (m) := P
−
γ (m) :=
{
(2, ..., 2) m even,
(2, ..., 2, 1) m odd.
5Previously the papers [Hu02, Hu09] used the terminology incoming and outgoing partitions.
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• If γ is elliptic then the partitions are defined in terms of the quantity ϑ ∈ R \ Z for
which µΦCZ(γ
k) = 2bkϑc+ 1. We write
P±γ (m) := P
±
ϑ (m),
with the right hand side defined as follows.
Let Λ+ϑ (m) denote the lowest convex polygonal path in the plane that starts at (0, 0),
ends at (m, dmϑe), stays above the line y = ϑx, and has corners at lattice points.
Then the integers P+ϑ (m) are the horizontal displacements of the segments of the path
Λ+ϑ (m) between the lattice points.
Likewise, let Λ−ϑ (m) denote the highest concave polygonal path in the plane that starts
at (0, 0), ends at (m, bmϑc), stays below above the line y = ϑx, and has corners
at lattice points. Then the integers P−ϑ (m) are the horizontal displacements of the
segments of the path Λ−ϑ (m) between the lattice points,
Both P±ϑ (m) depend only on the class of ϑ in R \ Z. Moreover, P+ϑ (m) = P−−ϑ(m).
Example 2.27. If the rotation angle for elliptic orbit γ satisfies ϑ ∈ (0, 1/m) then
P+ϑ (m) = (1, ..., 1)
P−ϑ (m) = (m).
The partitions are quite complex for other ϑ values, see [Hu14, Fig. 1].
Definition 2.28. We say that u˜ satisfies the ECH partition conditions “relative to
u” if it satisfies the usual ECH partition conditions in the normal bundle Nu.
If all ends of u are at distinct simple Reeb orbits then u˜ satisfies the ECH partition
conditions if and only if u˜ satisfies the ECH partition conditions relative to u.
We end this section by mentioning the ECH index inequality [Hu09, Theorem 4.15] in
symplectic cobordisms. As before we take α = {(αi,mi)} and β = {(βj, nj)} to be Reeb
orbit sets in the same homology class. Let C ∈M(α, β). For each i let a+i denote the number
of positive ends of C at αi and let {q+i,k}a
+
i
k=1 denote their multiplicities. Thus
∑a+i
k=1 q
+
i,k = mi.
Likewise, for each j let b−i denote the number of negative ends of C at βj and let {q−j,k}
b−j
k=1
denote their multiplicities; we have
∑b−j
k=1 q
−
j,k = nj.
Theorem 2.29 (ECH index inequality). Suppose C ∈M(α, β) is somewhere injective. Then
ind(C) ≤ I(C)− 2δ(C).
Equality holds only if {q+i,k} = P+αi(mi) for each i and {q−j,k} = P−βj(nj) for each j.
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2.3.4 Agreeability via ECH and regularity for cylinders
We are now ready to prove the below result in regards to agreeable multiply covered curves,
which we will use to prove that certain cylinders in cobordisms are regular.
Proposition 2.30. Assume that ker(Du) = 0. Suppose that either ind(u˜) > Iu(u˜), or
ind(u˜) = Iu(u˜) and u˜ does not satisfy the ECH partition conditions relative to u. Further-
more, if u˜ → u factors through a branched cover û → u whose degree is between 1 and k,
then assume that the above condition also holds with u˜ replaced by û. Then u˜ is agreeable.
Proof. Regarding the normal bundle Nu as a four manifold, there is a unique almost complex
structure on Nu whose restriction to the fibers agrees with the almost complex structure J
on W , such that a local section ψ is in the kernel of the operator Du if and only if ψ is a
pseudoholomorphic map from a neighborhood in u to Nu.
Suppose ψ˜ is a nonzero element of ker(Du˜). Let ψ denote the image of ψ˜ under the
projection pi∗Nu → Nu. Then ψ is a holomorphic curve in Nu. By the assumption that
ker(Du) = 0 and the assumption about intermediate branched covers in Proposition 2.30,
we can assume without loss of generality that ψ is somewhere injective.
A version of the ECH index inequality tells us that ind(ψ) ≤ Iu(ψ), with equality only
if ψ satisfies the ECH partition conditions relative to u. This is proven in the same manner
as the usual ECH index inequality, except that in this case one does not need Siefring’s
nonlinear analysis [Si08]. Rather, one can appeal to the linear analysis of [Hu02].
As a consequence, we can replace ψ everywhere by u˜ without changing anything in
the first paragraph of our proof. This yields a contradiction to the assumptions of said
Proposition 2.30, which means that ψ could not exist, so u˜ is agreeable.
We can now use the above result to obtain regularity for the unbranched covers of a
somewhere injective cylinder with Fredholm index zero having one positive end and one
negative end, each at positive hyperbolic orbits, in a cobordism. Unbranched covers of
cylinders with Fredholm index zero which do not limit on positive hyperbolic orbits are
guaranteed to be regular by automatic transversality as stated in Proposition 2.13.
Proposition 2.31. Let (W,λ) be an exact symplectic cobordism between two dynamically
separated contact forms and J a generic compatible almost complex structure.. Suppose that
u ∈ M̂J(γ+; γ−) is a somewhere injective nonconstant cylinder with Fredholm index zero
which has one positive end and one negative end, each at positive hyperbolic orbits. Then
any unbranched cover of u˜ ∈ M̂J(γk+; γk−) is agreeable and hence regular.
Proof. From the definition of dynamically separated and because [γ+] = [γ−] we have
ind(u˜) = ind(u) = 0.
The discussion in Remark 2.25 permits us to conclude that
Iu(u˜) = ind(u˜) = 0.
Moreover, the ECH partition conditions fail, because they stipulate that u˜ would need to
have k positive ends and k negative ends. As a result, Proposition 2.30 permits us to conclude
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that u˜ is agreeable. Finally, since u˜ does not have any branch points Remark 2.12 yields
that agreeability holds if and only if regularity does.
Proposition 2.32. Let (M, ξ) be a closed contact 3-manifold which admits two distinct
nondegenerate dynamically separated contactomorphic contact forms λ± and J± be generic
λ±-compatible almost complex structures. Suppose J0 and J1 are two generic choices of
compatible almost complex structures on W that both match J± on the cylindrical ends and
let {Jτ}τ∈[0,1] be a generic smooth path of cobordism compatible almost complex structures
connecting J0 to J1. Then any unbranched cover u˜ of a somewhere injective parametrically
regular cylinder u ∈ MJτ (γ+, γ−) satisfying ind(u) = −1, which exists for isolated values of
τ ∈ (0, 1), satisfies ind(u˜) = −1 and is also parametrically regular.
Proof. From the definition of dynamically separated and because [γ+] = [γ−] we have
ind(u˜) = ind(u) = −1.
As a result, one of the orbits must be positive hyperbolic and an analogous argument as in
Remark 2.25 permits us to conclude that
Iu(u˜) = − deg(u˜).
Moreover, the ECH partition conditions fail, given that one of the orbits is hyperbolic for
index reasons. As a result, Proposition 2.30 permits us to conclude that u˜ is agreeable.
Finally, we show that parametric agreeability in this situation implies parametric regu-
larity. Recall the deformation operators Du and Du˜ from (2.3.1) and (2.3.2) respectively.
Parametric regularity is the condition that
d
dτ
(
∂Jτu
)
span Coker(Du). Denoting D
∗
u as the
formal adjoint of Du we have that Coker(Du) = Ker(D
∗
u), hence parametric regularity is
equivalent to the following conditions
(i) dim(Ker(D∗u)) = 1;
(ii) If η generates Ker(D∗u) then
〈
η,
d
dτ
(
∂Jτu
)〉
= 0.
We established that u˜ is agreeable, e.g. dim(Ker(D∗u˜)) = 1, so condition (i) is satisfied.
To see why condition (ii) holds, note that the generator η of the underlying somewhere
injective cylinder u pulls back to η˜ which generates Ker(D∗u˜). Thus〈
η˜,
d
dτ
(
∂Jτ u˜
)〉
= −deg(u˜)
〈
η,
d
dτ
(
∂Jτu
)〉
= 0,
hence we may conclude that u˜ is parametrically regular.
Remark 2.33. Proposition 2.13, Proposition 2.31, and Proposition 2.32 are used to show
that the chain map and chain homotopy equations are well-defined, as they guarantee (para-
metric) regularity for the necessary index 1, 0, -1 cylinders. Outside of a symplectization,
wherein automatic transversality holds (cf. Lemma 2.14), these (parametric) regularity re-
sults are highly dependent on the dynamically separated condition.
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3 Bounds on buildings
In Section 3.1 we obtain lower bounds on the Fredholm index which enables us to rule out
noncylindrical levels from appearing in the compactification of moduli spaces of cylinders in
cobordisms between nondegenerate dynamically separated contact forms. When combined
with the regularity results of Section 2, we will be able to define the chain map and chain
homotopy by directly counting of elements of moduli spaces of cylinders. The construction
of the chain map is given in Section 3.2 and the construction of the chain homotopy is
given in Section 3.3. For ease of exposition, we first prove the following unfiltered invariance
result, assuming the existence of nondegenerate dynamically separated contact forms. Slight
variations on these arguments yield analogous results on filtered cylindrical contact homology,
which are explained in Section 3.4.
We define a dynamically separated pair (λ, J) on a closed contact manifold (M3, ξ)
to consist of a dynamically separated contact form λ such that ker λ = ξ and a generic
λ-compatible almost complex structure J .
Theorem 3.1. Let (λ1, J1) and (λ2, J2) be two nondegenerate dynamically separated pairs
on a closed contact manifold (M3, ξ). Then there exists a natural isomorphism
Φ21 : CH∗(M,λ1, J1;Q)→ CH∗(M,λ2, J2;Q). (3.0.1)
If (λ3, J3) is another nondegenerate dynamically separated pair, then
Φ31 = Φ32 ◦ Φ21, Φ11 = Φ22 = Φ33 = id.
3.1 Numerology of the multiply covered
This section gives lower bounds on the index of multiply covered curves via the Riemann-
Hurwitz theorem and Conley-Zehnder index formulas in dimension three, extending meth-
ods previously used in [HN16, Ne15]. To avoid cumbersome statements in this section, all
propositions and lemmata are stated under the assumption that nondegenerate dynamically
separated contact forms exist. They hold for L-nondegenerate dynamically separated con-
tact forms provided that the Reeb orbits comprising the asymptotics of the moduli spaces
are all of action less than L.
First we recall the Riemann-Hurwitz Theorem.
Theorem 3.2 (Hartshorne, Corollary IV.2.4). Let ϕ : ˜˙Σ → Σ˙ be a compact k-fold cover of
the Riemann surface Σ˙. Then
χ(˜˙Σ) = kχ(Σ˙)−∑
p∈ ˜˙Σ
(e(p)− 1),
where e(p)− 1 is the ramification index of ϕ at p.
We will use b to keep track of the number of branch points counted with multiplicity:
b :=
∑
p∈ ˜˙Σ
(e(p)− 1). (3.1.1)
37
At unbranched points p we have e(p)− 1 = 0, thus for any q ∈ Σ˙,∑
p∈ϕ−1(q)
e(p) = k.
The multiplicity of the Reeb orbits of the cover of an asymptotically cylindrical curve are
determined by the monodromy with the local behavior of a curve near its punctures [MW94,
Si08].
Remark 3.3. In this section, we denote γ`+ to be the `-fold cover of a simple orbit γ+ and
γd− the d-fold cover of a simple orbit γ−. Depending on the multiplicities of the orbits and
existence of a covering map, the curve u ∈ M̂J(γ`+; γd−) may or may not be multiply covered.
We obtain the following result.
Proposition 3.4. Let (M3, kerλ±) be a closed contact manifold such that λ± are nondegen-
erate dynamically convex contact forms. Let (W,J) be a generic exact symplectic cobordism
and u ∈ M̂J(γ+; γ0, ...γs) be a somewhere injective curve. Then any genus zero k-fold cover
u˜ of u with 1 positive puncture must have 1 + ks+ b negative punctures and satisfies
ind(u˜) ≥ k · ind(u)− 2k + 2b+ 2. (3.1.2)
Proof. Recall that the index of the underlying curve u is given by
ind(u) = s+ µCZ(γ+)−
s∑
i=0
µCZ(γi), (3.1.3)
and that Lemma 2.9 yields
kµCZ(γ)− k + 1 ≤ µCZ(γk) ≤ kµCZ(γ) + k − 1. (3.1.4)
From the Riemann-Hurwitz Theorem if u˜ has 1 positive puncture then it must have
1 + ks+ b negative punctures.
Let δ0, ..., δks+b denote the Reeb orbits at which u has negative ends; these are covers of
γ0, ..., γs. Moreover,
ks+b∑
i=0
µCZ(δi) ≤ k
s∑
i=0
µCZ(γi) + (k(s+ 1)− (ks+ b+ 1)) (3.1.5)
Then (3.1.4) and (3.1.5) yield
ind(u˜) = ks+ b+ µCZ(γ
k
+)−
ks+b∑
i=0
µCZ(δi)
≥ ks+ b+ (kµCZ(γ+)− k + 1)− k
s∑
i=0
µCZ(γi)− k + b+ 1
= k
(
s+ µCZ(γ+)−
s∑
i=0
µCZ(γi)
)
− 2k + 2b+ 2
= k · ind(u)− 2k + 2b+ 2.
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In some cases k · ind(u) − 2k + 2b + 2 ≤ 0, but this is not problematic because we will
cap off ks+ b ends, each of which have index ≥ 2; precise arguments appear in a subsequent
series of lemmata.
However, we need to improve improve the preceding result when the underlying curve is
a cylinder as well as when it is a pair of pants of index -1 in a one parameter family of exact
symplectic cobordisms. The following results for covers of cylinders in symplectizations are
proven in [Ne15, Prop. 4.11, 4.12].
Proposition 3.5 (covers of cylinders in a symplectization). Let (M3, λ) be a nondegenerate
closed contact manifold and J a generic λ-compatible almost complex structure on R ×M .
Any genus zero branched k-fold cover u˜ of a nontrivial cylinder u with 1 positive puncture
must be an element of M̂J(γk+; γ
k1− , ...γ
kn− ) where k := k1 + ...+ kn. Moreover,
(i) if ind(u) ≥ 2 then ind(u˜) ≥ 2n;
(ii) if ind(u) = 1 with γ+ hyperbolic then ind(u˜) ≥ 2n− 1;
(iii) if ind(u) = 1 with γ− hyperbolic then ind(u˜) ≥ n.
Any genus zero k-fold cover u˜0 of of a trival cylinder u0 with 1 positive puncture must
either be an element of M̂J(γk; γk) or M̂J(γk; γk1 , ...γkn) where k := k1 + ... + kn. In the
former case when we have
ind(u˜0) = 0.
In the latter case when u˜0 ∈ M̂J(γk; γk1 , ...γkn) we have
ind(u˜0) ≥ 0. (3.1.6)
The next result we need is concerns covers of cylinders in exact symplectic cobordisms
between nondegenerate dynamically separated pairs. Since we are only concerned with those
covers which could appear in a building, the positive end and one of the negative ends must
be in the same free homotopy class while the remaining negative ends must be contractible.
We denote the free homotopy class of a Reeb orbit γ by [γ].
Proposition 3.6. Let (W,J) be a generic exact symplectic cobordism between nondegenerate
dynamically separated contact forms on a closed contact 3-manifold. Let u ∈ M̂J(γ+; γ−)
be a somewhere injective. Then any genus zero k-fold cover with n − 1 contractible ends
u˜ ∈ M̂J(γk+; γk1− , ...γkn− ) satisfies k := k1 + ... + kn. If [γk+] = [γk1− ] and 0 = [γk2− ] = ... = [γkn− ]
then
ind(u˜) ≥ n+ 1−
n∑
i=2
µCZ(γ
ki− ). (3.1.7)
Proof. Since [γk+] = [γ
k1− ] and [γ+] = [γ−] the definition of dynamically separated forces
µCZ(γ
k
+)− (γk1− ) ≥ −2 + 4 = 2,
and the result follows from the Fredholm index formula.
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We improve the preceding result when the underlying somewhere injective curve is a pair
of pants of index -1 in a cobordism. We first treat the case when there are no branch points.
Proposition 3.7. Let (W, J = {Jτ}τ∈[0,1])τ∈[0,1] be a one parameter family of generic ex-
act symplectic cobordisms between nondegenerate dynamically separated pairs. Let u ∈
M̂Jτ (γ+; γ0, γ1) be somewhere injective with ind(u) = −1 for some τ ∈ (0, 1). Then any
genus zero unbranched k-fold cover u˜ of u with 1 positive puncture must be an element of
M̂Jτ (γk+; γ
k
0 , γ1, ..., γ1︸ ︷︷ ︸
k copies
) or M̂Jτ (γk+; γ0, ..., γ0︸ ︷︷ ︸
k copies
, γk1 ).
In the former case,
ind(u˜) ≥ −2k + 1 + kµCZ(γ0)− µCZ(γk0 ).
Proof. As a preliminary step we first explain why being an unbranched cover forces the
configuration of asymptotic limits at negative punctures as claimed. From Riemann-Hurwitz,
we have that number of punctures of Σ˙ is 2 + k. To understand the multiplicities of the
negative asymptotic limits we note that these are determined by the monodromy of the local
behavior of a curve near its punctures which are in turn governed by the monodromy of the
covering.
We can model the k-fold cover ϕ : ˜˙Σ→ Σ˙ in terms of the cover of a closed unit disk p :
D2 → D2 by z 7→ zk, with interior marked points corresponding to the negative asymptotics.
The boundary of the disk will correspond to the positive asymptotic γ+ in the target and γ
k
+
in the preimage. If we fix the origin to become the puncture corresponding to γ0 or γ1 in the
target then we obtain γk0 or γ
k
1 in the preimage respectively. Any other point in the interior
of D2 \0 will have k preimages, which corresponds to the k-copies of γ1 or γ0, corresponding
to the respective asymptotic assignment of γ0 or γ1 to the origin.
We have
ind(u) = 1 + µCZ(γ+)− µCZ(γ0)− µCZ(γ1) = −1,
thus
µCZ(γ1) = 2 + µCZ(γ+)− µCZ(γ0).
Then in the former case,
ind(u˜) = k + µCZ(γ
k
+)− µCZ(γk0 )− kµCZ(γ1)
= −k + µCZ(γk+)− µCZ(γk0 ) + k(µCZ(γ0)− µCZ(γ+))
≥ −k + kµCZ(γ+)− k + 1− µCZ(γk0 ) + k(µCZ(γ0)− µCZ(γ+))
= −2k + 1 + kµCZ(γ0)− µCZ(γk0 ).
We refine Proposition 3.7 when k = 2 and µCZ(γ0) = 1.
Proposition 3.8. Let u ∈ M̂Jτ (γ+; γ0, γ1) be somewhere injective with ind(u) = −1 and
µCZ(γ0) = 1 for some τ ∈ (0, 1). Then either γ+ hyperbolic or γ1 hyperbolic. For an un-
branched cover u˜ ∈ M̂Jτ (γ2+; γ20 , γ1, γ1), if γ+ is hyperbolic then
ind(u˜) ≥ −3
otherwise if γ1 is hyperbolic then
ind(u˜) ≥ −2.
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Proof. Since ind(u) = −1 and µCZ(γ0) = 1 then
µCZ(γ+)− µCZ(γ1) = −1,
thus one of γ+ and γ1 is hyperbolic. Moreover,
µCZ(γ
2
0) ≤ 2µCZ(γ0) + 2− 1,
thus −µCZ(γ20) ≥ −3.
Case 1: If γ+ is hyperbolic then µCZ(γ
2
+) = 2µCZ(γ+) and
ind(u˜) = 2 + µCZ(γ
2
+)− µCZ(γ20)− 2µCZ(γ1)
≥ −1 + 2µCZ(γ+)− 2µCZ(γ1)
= −3.
Case 2: If γ1 is hyperbolic then µCZ(γ
2
1) = 2µCZ(γ1). In combination with Proposition 2.9,
ind(u˜) = 2 + µCZ(γ
2
+)− µCZ(γ20)− 2µCZ(γ1)
≥ 2 + 2µCZ(γ+) + 2− 1− µCZ(γ20)− 2µCZ(γ1)
= 2− 2 + 2− 1− µCZ(γ20)
≥ 1− 3.
as desired.
Next we consider branched covers of pants in cobordisms.
Proposition 3.9. Let u ∈ M̂Jτ (γ+; γ0, γ−) be somewhere injective with ind(u) = −1. Then
any genus zero branched k-fold cover u˜ of u with 1 positive puncture and b branch points
must be an element of M̂Jτ (γk+; γ
k0
0 , , ..., γ
kb
0 , γ1, ..., γ1︸ ︷︷ ︸
k copies
) or M̂Jτ (γk+; γ0, ..., γ0︸ ︷︷ ︸
k copies
, γk01 , ..., γ
kb
1 ) with
k0 + ...+ kb = k.
In the former case,
ind(u˜) ≥ −2k + b+ 1 + kµCZ(γ0)−
b∑
i=0
µCZ(γ
ki
0 ).
Proof. Since ind(u) = −1,
−µCZ(γ1) = −2 + µCZ(γ0)− µCZ(γ+),
and
ind(u˜) = k + b+ µCZ(γ
k
+)− dµCZ(γ1)−
∑b
i=0 µCZ(γ
ki
0 )
= −k + b+ µCZ(γk+) + kµCZ(γ0)− kµCZ(γ+)−
∑b
i=0 µCZ(γ
ki
0 )
≥ −k + b+ kµCZ(γ+)− k + 1 + kµCZ(γ0)− kµCZ(γ+)−
∑b
i=0 µCZ(γ
ki
0 )
= −2k + b+ 1 + kµCZ(γ0)−
∑b
i=0 µCZ(γ
ki
0 ).
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Remark 3.10. If u˜ is a branched 2-fold cover of u ∈ M̂J(γ+; γ0, γ1) then u˜ ∈ M̂J(γ2+; γ0, γ0, γ1, γ1).
The proof of Theorem 3.1 relies on the following series of inductive lemmata utilizing the
above numerics. These results will allow us to exclude complicated compactifications as in
Figure 3.1. Before proceeding, we recall the definition of a pseudoholomorphic building from
[BEHWZ], which we adapt to our setting in which all curves and their limits are non-nodal
and unmarked.
Figure 3.1: A catastrophe of compactness best avoided.
Definition 3.11. Any asymptotically cylindrical curve ui = [Σi, ji,Γi := Γ
+
i unionsq Γ+i , ui], with
Σi possibly disconnected, is said to be a height-1 non-nodal building, or height-1 building
for short. Assuming there are bijections Ψi :→ Γ−i → Γ+i+1 between the negative punctures
of one curve and the positive punctures of the curve next in the sequence, a height-k non-
nodal building consists of a sequence (u1, ...um) of m height-1, non-nodal buildings and
(Ψ1, ...Ψm−1), provided the punctures identified via Ψi have the same asymptotic limit.
Remark 3.12. Throughout the following lemmata we assume that each level ui of the
building (u1, .., um) contains at least one nontrivial component, i.e. a component which is
neither a trivial cylinder nor a constant map.
These proofs are done via induction on the number of levels of B := (u1, ..., um), where
the ui are levels of B in decreasing order, e.g. u1 is the top level. For any B with one
positive end asymptotic to the Reeb orbit γ+ and no negative ends,
ind(B) = µCZ(γ+)− 1. (3.1.8)
Remark 3.13. Throughout the following lemmata in Sections 3.1.1, 3.1.2 we assume that
each level ui of the building (u1, .., un) contains at least one nontrivial component, i.e. a
component which is neither a trivial cylinder nor a constant map.
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3.1.1 Excluding obstructions to the chain map
Unless otherwise specified, we assume we are working in a generic exact symplectic cobordism
of contactomorphic nondegenerate dynamically separated pairs. This means that W is an
exact symplectic cobordism between dynamically separated contact forms and J is a generic
cobordism compatible almost complex structure. We first recall the following result from
[Ne15].
Lemma 3.14 (Lemma 4.15 [Ne15]). Let B := (u1, ...un) be a genus 0 building with one
positive contractible end, and no negative ends in a symplectization. Then ind(B) ≥ 2, with
equality if and only if B consists only of a pseudoholomorphic plane.
Next, we prove the following result.
Proposition 3.15. Let (W,J) be a generic exact dynamically separated symplectic cobor-
dism. If µCZ(γ+) = µCZ(γ−) then the space M̂J(γ+, γ−) is a compact 0-dimensional manifold.
Proof. By Lemmata 2.10 and 2.14 all nontrivial cylinders u ∈ M̂J◦(x, y) in a symplectization
(R × M,J◦) equipped with a generic λ◦-compatible almost complex structure J◦ satisfy
ind(u) ≥ 1 and are cut out transversely. Thus for moduli spaces of nontrivial cylinders,{
M̂J+(xi, xi+1) = ∅ if µCZ(xi)− µCZ(xi+1) ≤ 0;
M̂J−(yi, yi+1) = ∅ if µCZ(yi)− µCZ(yi+1) ≤ 0.
Thus
µCZ(xi)− µCZ(xi+1) > 0 and µCZ(yi)− µCZ(yi+1) > 0.
The dynamically separated assumption ensures that there are no unbranched covers of cylin-
ders u with ind(u) < 0. Proposition 2.31 and automatic transversality ensure that all index
0 cylinders are regular. As a result, when µCZ(γ+) = µCZ(γ−), the moduli space M̂J(γ+, γ−)
is cut out transversely and compact.
To prove that M̂J(γ+, γ−) is in fact a manifold near u, we need to further show that
the order k group of deck transformations of u over a somewhere injective cylinder u acts
trivially on Ker(Du). To do so, it suffices to show that every element of Ker(Du) is pulled
back from an element of Ker(Du), thus it will be enough to show that ind(u) = ind(u).
Under the dynamically separated assumption this equality holds.
Lemma 3.16. Let B := (u1, ...un) be a genus 0 building with one positive contractible end,
and no negative ends in an generic exact dynamically separated symplectic cobordism. Then
ind(B) ≥ 2, with equality if B consists of one holomorphic plane or an index 0 cylinder
u ∈ M̂J(γ+, γ−) and a plane.
Proof. This proof will be done via induction on the number of levels of B := (u1, ..., un),
where the ui are levels of B in decreasing order, e.g. u1 is the top level. For any B with one
positive end asymptotic to the Reeb orbit γ+ and no negative ends,
ind(B) = µCZ(γ+)− 1. (3.1.9)
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If B consists of only one level we are done since µCZ(γ+) ≥ 3 by the dynamically separated
hypothesis.
Suppose n > 1 and that Lemma is true for buildings of height n − 1. We need to show
that ind(B) > 2. The building (u2, ...un) is the disjoint union of ` genus 0 buildings, each
having one positive end at each of the negative ends of u1 and no negative ends. By the
inductive hypothesis we have
ind(B) ≥ ind(u1) + 2`.
Thus we must show that
ind(u1) + 2` ≥ 2. (3.1.10)
If u1 is somewhere injective then ind(u1) ≥ 0. If u1 is the unbranched cover of a cylinder
then ind(u1) ≥ 0 and u1 is regular by Proposition 2.31. By Proposition 3.15 there cannot
be additional index 0 cylindrical levels.
If u1 is the k-fold cover with of a somewhere injective curve u ∈ M̂J(γ+; γ0, ...γs) with b
branch points6 counted with multiplicity then Proposition 3.4 yields
ind(u1) ≥ 2− 2k + 2b,
with ` = 1 +ks+ b. Thus ind(u1) + 2` ≥ 4 + 4b+ 2k(s− 1) > 2 for s ≥ 1. If s = 0 it remains
to consider u1 ∈MJ(γk+; γk1− , ..., γkn− ) with k1 + ...+ kn = k. Moreover,
ind(B) = ind(u1) +
n∑
i=1
|γki− |,
and, in combination with Proposition 3.6, we obtain
ind(B) ≥ n+ 1−
n∑
i=2
µCZ(γ
ki− ) +
n∑
i=1
|γki− | ≥ 4.
Building upon this theme we continue with the following lemma.
Lemma 3.17. Let B := (u1, ...un) be a genus 0 building with one positive end and one
negative end in a cobordism. Then ind(B) ≥ 0, with equality if and only if B consists of
only one cylinder.
Proof. As before the proof will be done via induction on the number of levels of the building
B := (u1, ..., un), where the ui are levels of B in decreasing order, e.g. u1 is the top level. If
B consists of only one level then the proof is complete by Proposition 3.15.
Suppose there is more than one level. Call the top level u1 and assume that the lemma is
true for buildings of height n−1. We need to show that ind(B) > 1. The building (u2, ...un)
is the disjoint union of ` genus 0 buildings, each consisting of one positive end at each of
the negative ends of u1 and all but one, say B1 having no negative ends. This exceptional
building, B1, has one positive and one negative end. By the inductive hypothesis we have
ind(B) ≥ ind(u1) + ind(B1) + 2(`− 1).
6Note b could be 0 since the result holds if u1 doesn’t have any branch points.
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Thus we must show that
ind(u1) + 2(`− 1) ≥ 1. (3.1.11)
If u1 is somewhere injective then ind(u1) ≥ 0. If u1 is the unbranched cover of a cylinder
then ind(u1) ≥ 0 and u1 is regular by Proposition 2.31. By Proposition 3.15 there cannot
be additional index 0 cylindrical levels.
If u1 is the cover of a somewhere injective curve u ∈ M̂J(γ+; γ0, ...γs), by Proposition 3.4
ind(u1) ≥ 2− 2k + 2b,
with ` = 1 + ks + b. Thus for s ≥ 1, ind(u1) + 2(` − 1) ≥ 2 + 2k(s − 1) + 4b ≥ 2. If s = 0
then u1 ∈MJ(γk+; γk1− , ..., γkn− ) with k1 + ...+ kn = k. Without loss of generality,
ind(B) = ind(u1) +
n∑
i=2
|γki− |.
In combination with Proposition 3.6 we obtain
ind(B) ≥ n+ 1−
n∑
i=2
µCZ(γ
ki− ) +
n∑
i=2
|γki− | ≥ 2.
We recall the following lemma in regards to buildings in symplectizations.
Lemma 3.18 (Lemma 4.19 [Ne15]). Let B be a genus 0 building with one positive end
and one negative end associated to a nondgenerate dynamically separated contact form in a
symplectization (R×M,J◦), with ind(B) = 2. Then B is one of the following types,
(i) An unbroken cylinder of index 2;
(ii) A once broken cylinder given by a pair of cylinders, each of index 1, (u, v) ∈ M̂J◦(x, y)×
M̂J◦(y, z), where µCZ(x)− µCZ(y) = 1.
Stacking the above lemmata together we obtain the following result for buildings in exact
symplectic cobordisms of nondegenerate dynamically separated pairs.
Lemma 3.19. Let B be a genus 0 building with one positive end and one negative end
in a generic exact symplectic cobordism of nondegenerate dynamically separated pairs. If
ind(B) = 1, then B is one of the following types,
(i) An unbroken cylinder of index 1 in the cobordism;
(ii) A once broken cylinder of one of the following forms:
(u, v) ∈ M̂J+(x, y)× M̂J(y, z)
with µCZ(x)− µCZ(y) = 1, µCZ(y) = µCZ(z) or
(u, v) ∈ M̂J(x, y)× M̂J−(y, z)
with µCZ(y) = µCZ(x), µCZ(y)− µCZ(z) = 1.
Proof. Since the index of a building is additive with respect to its components the results of
Lemmata 3.14 - 3.18 and Proposition 3.15 imply that the only possible configurations for a
building B of index 1 are those described in (i)-(ii).
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3.1.2 Excluding obstructions to the chain homotopy
In this section we consider parametric moduli spaces of pseudoholomorphic curves. As before,
we take (W, J = {Jτ}τ∈[0,1]) to be a generic one parameter family (e.g. homotopy) of exact
symplectic cobordisms between nondegenerate dynamically separated pairs. As in Section
2.1, the parametric moduli space is defined by
M̂J(γ+, γ−) = {(τ, u) | τ ∈ [0, 1], u ∈ M̂Jτ (γ+, γ−)},
and is of dimension
dim M̂J(γ+, γ−) = µCZ(γ+)− µCZ(γ−) + 1
= ind(u) + 1
Our first result is the analogous statement to Proposition 3.15 for 0-dimensional parametric
moduli spaces.
Proposition 3.20. If J = {Jτ}τ∈[0,1] is a generic one parameter family of almost complex
structures associated to an exact dynamically separated symplectic cobordism W then the
0-dimensional parametric moduli space M̂J(γ+, γ−) is a compact 0-dimensional manifold.
Proof. By Proposition 3.15 we have for any generic exact symplectic cobordism (W,J) be-
tween two dynamically separated contact forms that any cylinder u ∈ M̂J(γ+, γ−) satisfies
ind(u) ≥ 0 and is regular. Thus for moduli spaces of cylinders{
M̂Jτ0 (xi, xi+1) = ∅ if µCZ(xi)− µCZ(xi+1) < 0;
M̂Jτ1 (yi, yi+1) = ∅ if µCZ(yi)− µCZ(yi+1) < 0.
hence
µCZ(xi)− µCZ(xi+1) ≥ 0 and µCZ(yi)− µCZ(yi+1) ≥ 0.
The dynamically separated assumption allows us to conclude that there are no unbranched
covers of cylinders u with ind(u) < −1. Proposition 2.32 and the related results in Section
2.3 allow us to conclude that we know that there and that all index -1, 0, and 1 cylinders are
regular. Since the moduli spaces associated to the homotopy at τ = 0 and τ = 1 are regular
there cannot be any cylinders with index −1, e.g. when µCZ(γ+) = µCZ(γ−) − 1 for τ = 0
and τ = 1. However, in a generic 1-parameter family, such cylinders do occur for isolated
parameter values of τ .
As a result, the 0-dimensional parametric moduli space M̂J(γ+, γ−) is cut out transversely
and compact. The manifold structure follows from the same arguments given in the proof
of Proposition 3.15.
Remark 3.21. The counts of cylinders with index −1, e.g. when µCZ(γ+) = µCZ(γ−) − 1
which occur for isolated parameter values of τ ∈ (0, 1) give rise to the chain homotopy
equivalence.
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Lemma 3.22. Let B := (u1, ...un) be a genus 0 building with 1 positive contractible end,
and no negative ends in (W, J). Then
ind(B) =
n∑
i=1
ind(ui) + n ≥ 2,
with equality if and only if there are isolated parameter values τ ∈ (0, 1) for which there
exists ui ∈ M̂Jτ (γ+, γ−) with ind(ui) = −1.
Proof. This proof will be done via induction on the number of levels of B := (u1, ..., un),
where the ui are levels of B in decreasing order, e.g. u1 is the top level. For any B with one
positive end asymptotic to the Reeb orbit γ+ and no negative ends,
ind(B) = µCZ(γ+)− 1 + 1. (3.1.12)
If B consists of only one level then we are done since µCZ(γ+) ≥ 3 by the dynamically
separated hypothesis.
Suppose n > 1 and that Lemma is true for buildings of height n − 1. We need to show
that ind(B) ≥ 2 with equality if and only if there are isolated parameter values τ ∈ (0, 1)
for which there exists ui ∈ M̂Jτ (γ+, γ−) with ind(ui) = −1. The building (u2, ...un) is the
disjoint union of ` genus 0 buildings, each having one positive end at each of the negative
ends of u1 and no negative ends. By the inductive hypothesis we have
ind(B) ≥ ind(u1) + 1 + 2`.
Thus we must show that
ind(u1) + 1 + 2` ≥ 2. (3.1.13)
If u1 is somewhere injective and ind(u1) ≥ 0 then we are done. If u1 is the unbranched cover of
a cylinder of ind = 0 then ind(u1) = 0 and u1 is regular by Proposition 2.31. By Proposition
3.15 we know that for any generic exact dynamically separated symplectic cobordism (W,J),
if µCZ(γ+) = µCZ(γ−) then the space M̂Jτ (γ+, γ−) is compact. By Proposition 3.20 there are
only isolated values for τ ∈ (0, 1) in which ind(u1) = −1, and moreover, such a u1 is regular.
There cannot be additional cylindrical levels as a result of Section 3.1.1.
If u1 is the k-fold cover with of a somewhere injective curve u ∈ M̂Jτ (γ+; γ0, ...γs) with b
branch points7 counted with multiplicity then Proposition 3.4 yields
ind(u1) ≥ 2− 3k + 2b,
with ` = 1 + ks+ b. Thus
ind(u1) + 2` ≥ 4 + 4b+ k(2s− 3) > 2
so if s ≥ 2 we are ok.
7Note b could be 0 since the result holds if u1 doesn’t have any branch points.
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If s = 0 then u1 ∈ M̂Jτ (γk+; γk1− , ..., γkn− ) with k1 + ...+ kn = k. Moreover
ind(B)− 1 = ind(u1) +
n∑
i=1
|γki− |,
in combination with Proposition 3.6 yields
ind(B)− 1 ≥ n+ 1−
n∑
i=2
µCZ(γ
ki− ) +
n∑
i=1
|γki− | ≥ 4.
If s = 1 we are ok by our pant propositions as follows. Note that µCZ(γ0) ≥ 1 and since
γ1 is contractible, µCZ(γ1) ≥ 3. If u1 is an unbranched k-fold cover Proposition 3.7 yields
ind(B)− 1 = ind(u1) + µCZ(γk0 )− 1 + kµCZ(γ1)− k
≥ −3k + kµCZ(γ0) + kµCZ(γ1)
≥ k.
If u1 is branched k-fold cover Proposition 3.9 yields
ind(B)− 1 = ind(u1) +
∑b
i=0 µCZ(γ
ki
0 )− (b+ 1) + kµCZ(γ1)− k
≥ −3k + kµCZ(γ0) + kµCZ(γ1)
≥ k.
Building again upon this theme we continue with the following lemma.
Lemma 3.23. Let B := (u1, ...un) be a genus 0 building with one positive end and one
negative end in a cobordism. Then ind(B) ≥ 1, with equality if and only if one of the
following holds
(i) B consists of a pair (τ, u) with τ ∈ [0, 1] and u is a cylinder with ind(u) = 0;
(ii) There are isolated parameter values τ ∈ (0, 1) for which there exists ui ∈ M̂Jτ (γ+, γ−)
with ind(ui) = −1.
Proof. As before the proof will be done via induction on the number of levels of the building
B := (u1, ..., un), where the ui are levels of B in decreasing order, e.g. u1 is the top level.
If u1 is somewhere injective and ind(u1) ≥ 0 then we are done. If u1 is the unbranched
cover of a cylinder of ind = 0 then ind(u1) = 0 and u1 is regular by Proposition 2.31. By
Proposition 3.15 we know that for any generic exact dynamically separated symplectic cobor-
dism (W,J), if µCZ(γ+) = µCZ(γ−) then the space M̂Jτ (γ+, γ−) is compact. By Proposition
3.20 there are only isolated values for τ ∈ (0, 1) in which ind(u1) = −1, and moreover, such
a u1 is regular. There cannot be additional cylindrical levels as a result of Section 3.1.1.
Suppose there is more than one level. Call the top level u1 and assume that the lemma is
true for buildings of height n−1. We need to show that ind(B) > 1. The building (u2, ...un)
is the disjoint union of ` genus 0 buildings, each consisting of one positive end at each of
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the negative ends of u1 and all but one, say B1 having no negative ends. This exceptional
building, B1, has one positive and one negative end. By the inductive hypothesis we have
ind(B)− 1 ≥ ind(u1) + ind(B1) + 2(`− 1). (3.1.14)
Thus it suffices to show that
ind(u1) + 2(`− 1) ≥ 1. (3.1.15)
If u1 is the cover of a somewhere injective curve u ∈ M̂Jτ (γ+; γ0, ...γs), by Proposition 3.4
ind(u1) ≥ 2− 3k + 2b,
with ` = 1 + ks+ b. Thus
ind(u1) + 2`− 2 ≥ 2 + 4b+ k(2s− 3) > 2
so if s ≥ 2 we are ok.
If s = 0 then u1 ∈ M̂Jτ (γk+; γk1− , ..., γkn− ) with k1 + ...+ kn = k. Without loss of generality,
ind(B)− 1 = ind(u1) +
n∑
i=2
|γki− |.
In combination with Proposition 3.6 we obtain
ind(B)− 1 ≥ n+ 1−
n∑
i=2
µCZ(γ
ki− ) +
n∑
i=1
|γki− | ≥ 4.
If s = 1 we are ok by our pant propositions as follows.
Case (1): Let u1 be an unbranched k-fold cover. Without loss of generality, denote
u1 ∈ M̂Jτ (γk+; γk0 , γ1, ..., γ1).
(1a): All k of the γ1-ends are capped off. Then µCZ(γ1) ≥ 3 and
µCZ(γ+)− µCZ(γ0) = µCZ(γ1)− 2 ≥ 1.
Since [γ+] = [γ0] and [γ
k
+] = [γ
k
0 ] the dynamically separated assumption implies
µCZ(γ
k
+)− µCZ(γk0 ) ≥ 1.
Since
ind(u1) = k + µCZ(γ
k
+)− µCZ(γk0 )− kµCZ(γ1)
then
ind(B)− 1 = µCZ(γk+)− µCZ(γk0 ) ≥ 1.
(1b): If alternately, the γk0 end is capped off then Proposition 3.7 yields
ind(B)− 1 ≥ ind(u1) + µCZ(γk0 )− 1 + 2k − 2
≥ −2 + kµCZ(γ0).
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It remains to check k = 2 and µCZ(γ0) = 1, for which we appeal to Proposition 3.8, which
yields that ind(B) > 1 because (3.1.15) is immediately seen to be satisfied.
Case (2): Let u1 be a branched k-fold cover. Without loss of generality, denote u1 ∈
M̂J(γk+; γ
k0
0 , ..., γ
kb
0 , γ1, ..., γ1).
(2a): All k of the γ1-ends are capped off. Then for some i,
ind(B)− 1 = µCZ(γk+)− µCZ(γki0 ).
By the identical argument in Case (1a) we obtain ind(B)− 1 ≥ 1.
(2b): If alternately, all the γdi0 -ends are capped off then Proposition 3.9 yields
ind(B)− 1 ≥ ind(u1) +
[∑b
i=0 µCZ(γ
ki
0 )
]
− (b+ 1) + 2k − 2
≥ −2 + kµCZ(γ0).
It remains to check k = 2. By Remark 3.10 we see that if k = 2 then γ0 and γ1 are both
contractible. Thus µCZ(γ0) ≥ 3, and the result follows.
Stacking the above lemmata together, we obtain the following result.
Lemma 3.24. Let B be a genus 0 building with one positive end γ+ and one negative end
γ− in a a cobordism W between nondegenerate dynamically separated contact forms and a
generic smooth family {Jτ}τ∈[0,1] of cobordism compatible complex structures. If
µCZ(γ+)− µCZ(γ−) = 0,
then B is one of the following types,
(i) Pairs (τ, u) with τ ∈ (0, 1) and u ∈MJτ0 (γ+, γ−);
(ii) Pairs (0, u) with u ∈MJ0(γ+, γ−);
(iii) Pairs (1, u) with u ∈MJ1(γ+, γ−);
(iv) Pairs (τ, (u+, u0)) with (u+, u0) a broken cylinder with upper level u+ ∈ MJ+(γ+, γ0)
and main level u0 ∈MJτ (γ0, γ−) for some τ ∈ (0, 1);
(v) Pairs (τ, (u0, u−)) with (u0, u−) a broken cylinder with lower level u− ∈ MJ−(γ0, γ−)
and main level u0 ∈MJτ (γ+, γ0) for some τ ∈ (0, 1).
Proof. Since the index of a building is additive with respect to its components the results of
Proposition 3.20, Lemmata 3.22 and 3.23 imply that the only possible configurations for a
building B of index 1 are those described in (i)-(v).
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3.2 The chain map
Recall that there are two equivalent differentials ∂EGH+ and ∂
EGH
− defined by (1.3.2) and
(1.3.3) respectively. Throughout this discussion we will fix the differential under considera-
tion to be ∂EGH+ .
Let (W,J) be a generic completed symplectic cobordism between (M+, λ+, J+) and
(M−, λ−, J−) where J± are λ± compatible almost complex structures. We define a mor-
phism of complexes
Φ+−J : C
EGH
∗ (M,λ+, J+)→ CEGH∗ (M,λ−, J−),
by8
〈Φ+−γ+, γ−〉 =
∑
γ−∈Pgood(λ−),
µCZ(γ+)=µCZ(γ−)
∑
u∈M̂J (γ+,γ−)
(u)
m(γ+)
m(u)
(3.2.1)
After extracting subsequences, if necessary, the sequence of trajectories in M̂J(γ+, γ−)
have limits that are concatenations of at most one broken trajectory from MJ+ , exactly one
trajectory in M̂J(γ+, γ−), and at most one broken trajectory from MJ− . For ease of notation
we denote the Reeb vector field associated to λ+ by R+ and to λ− by R−
Proposition 3.25. Let λ+ and λ− be dynamically separated contact forms and (un) be a
sequence of elements in M̂J(γ+, γ−) such that 0 ≤ µCZ(γ+)− µCZ(γ−) ≤ 1. There exist
(i) A subsequence of (un);
(ii) Good Reeb orbits γ+ = x0, x1, ..., xk of R+;
(iii) Good Reeb orbits y0, y1, ..., y` = γ− of R−;
(iv) Real sequences (sin) for 0 ≤ i ≤ k − 1 that tend to +∞ and (ςjn) for 0 ≤ j ≤ `− 1 that
tend of −∞.
(v) Cylinders ui ∈ MJ+(xi, xi+1) for 0 ≤ i ≤ k − 1 and cylinders vj ∈ MJ−(yj, yj+1) for
0 ≤ j ≤ `− 1
(vi) An element w ∈ M̂J(xk, y0) such that for 0 ≤ i ≤ k − 1 and 0 ≤ j ≤ `− 1,
lim
n→+∞
un · sin = ui, lim
n→+∞
un · ςjn = vj
and such that
lim
n→+∞
un = w.
(vii) Moreover, µCZ(γ+)− µCZ(γ−) ≥ k + ` with k, ` ≥ 0.
8If we use the differential ∂− then 〈Φ+−J γ+, γ−〉 =
∑
γ−∈Pgood(λ−)
µCZ(γ+)=µCZ(γ−)
∑
u∈M̂J (γ+,γ−)
(u)
m(γ−)
m(u)
.
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Proof. That we obtain good Reeb orbits follows from the dynamically separated condition.
By Lemma 3.19 there is no bad breaking, and regularity for our cylinders follows from
Propositions 2.31 and 3.15. Standard SFT compactness from [BEHWZ] produces (iv)-(vi);
see also [Wen-SFT, Proposition 10.19, 10.23].
Finally we prove (vi), that µCZ(γ+)− µCZ(γ−) ≥ k + `. We know that{
MJ+(xi, xi+1) = ∅ if µCZ(xi)− µCZ(xi+1) ≤ 0
MJ−(yi, yi+1) = ∅ if µCZ(yi)− µCZ(yi+1) ≤ 0.
Thus for 0 ≤ i ≤ k − 1 and 0 ≤ j ≤ `− 1 we have
µCZ(xi)− µCZ(xi+1) > 0 and if µCZ(yi)− µCZ(yi+1) > 0.
Since M̂J(xk, y0) is cut out transversely by Proposition 2.31, M̂
J(xk, y0) 6= ∅ implies that
µCZ(xk) ≥ µCZ(y0). Summing these inequalities yields the desired result.
An immediate consequence of the Propositions 3.15 and 3.25 is the following corollary,
which means that the chain map (3.2.1) is well-defined.
Corollary 3.26. If µCZ(γ+) = µCZ(γ−) then the moduli space M̂J(γ+, γ−) is compact 0-
manifold, hence Φ+−J is well defined.
Next we prove the following result.
Proposition 3.27. If (λ+, J+) = (λ−, J−) and (W,J) is the trivial cobordism from (M,λ, J)
to (M, cλ, Jc), for any constant c > 1, then Φ
+−
J is the identity.
Proof. Writing c = ea for a > 0, the exact symplectic cobordism is
(W, dλ) = ([0, a]×M,d(eτλ)).
One can choose a compatible almost complex structure which matches J and Jc on ξ while
taking ∂τ to g(r)Rλ for a suitable function g with g(τ) = 1 near τ = 0 and g(τ) =
1
c
near
τ = a. The resulting almost complex manifold is biholomorphically diffeomorphic to the
usual symplectization. Thus our count of index 0 cylinders is equivalent to the count of such
cylinders in the usual symplectization. There if µCZ(γ+) = µCZ(γ−) then M̂J(γ+, γ−) = ∅
unless γ+ = γ−. All the trivial cylinders are Fredholm regular, so counting these shows that
Φ+−J is the identity.
Finally, we verify that Φ+−J is a chain map.
Theorem 3.28. Let λ+ and λ− be nondegenerate dynamically separated contact forms on
M3 and J generic. Then
Φ+−J ◦ ∂+,(λ+,J+) = ∂+,(λ−,J−) ◦ Φ+−J .
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Proof. Proposition 3.25 in combination with a corresponding gluing theorem shows that for
µCZ(γ+)− µCZ(γ−) = 1 that MJ(γ+, γ−) is a compact 1-manifold whose boundary consists
of two types of broken cylinders, depending on whether the index 1 curve occurs in an upper
or lower level:
∂M
J
(γ+, γ−) =
⊔
γ0∈Pgood(λ+),
µCZ(γ+)−µCZ(γ0)=1
M̂J+(γ+, γ0)× M̂J(γ0, γ−)
∪
⊔
γ0∈Pgood(λ−),
µCZ(γ+)−µCZ(γ0)=1
M̂J(γ+, γ0)× M̂J−(γ0, γ−).
That M
J
(γ+, γ−) is a 1-manifold follows from Proposition 2.31 in conjunction with an
argument identical to the proof of Corollary 3.26, all as a result of the dynamically separated
assumption. Gluing arguments follow the same reasoning as in [HN16, §4.3]. Other readily
accessible discussions of gluing are given in the Hamiltonian Floer setting [ADfloer, §11.2]
and in symplectic field theory in [Wen-SFT, §11], which includes a detailed discussion of
orientations.
Counting broken cylinders of the first type produces the coefficient of 〈Φ+−J ◦ ∂+,(λ+,J+)〉
and counts of the second type produces the desired coefficient of 〈∂+,(λ−,J−) ◦ Φ+−J 〉.
It now follows that Φ+−J descends to a homomorphism at the level of homology.
3.3 The chain homotopy
Finally, we show that Φ+−J induces an isomorphism at the level of homology. Given two
exact completed symplectic cobordisms (W,J0) and (W,J1) between dynamically separated
contact forms (λ+, J+) and (λ−, J−), we want to prove that Φ0 := Φ+−J0 and Φ1 := Φ
+−
J1
are
chain homotopic.
Adapting Proposition 3.25 to allow for a converging sequence of almost complex struc-
tures in conjunction with Lemma 3.24 yields the following proposition.
Proposition 3.29. Let λ+ and λ− be dynamically separated contact forms and (τn, un) be a
sequence of elements in M̂J(γ+, γ−) such that −1 ≤ µCZ(γ+)− µCZ(γ−) ≤ 0. There exist
(i) A subsequence of (τn, un);
(ii) Good Reeb orbits γ+ = x0, x1, ..., xk of R+;
(iii) Good Reeb orbits y0, y1, ..., y` = γ− of R−;
(iv) Real sequences (sin) for 0 ≤ i ≤ k − 1 that tend to +∞ and (ςjn) for 0 ≤ j ≤ `− 1 that
tend of −∞.
(v) Cylinders ui ∈ MJ1(xi, xi+1) for 0 ≤ i ≤ k − 1 and cylinders vj ∈ MJ0(yj, yj+1) for
0 ≤ j ≤ `− 1
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(vi) An element (τ?, w) ∈ M̂J(xk, y0) such that for 0 ≤ i ≤ k − 1 and 0 ≤ j ≤ `− 1,
lim
n→+∞
un · sin = ui, lim
n→+∞
un · ςjn = vj
and such that
lim
n→+∞
(τn, un) = (τ?, w).
(vii) Moreover, µCZ(γ+)− µCZ(γ−) + 1 ≥ k + ` with k, ` ≥ 0.
We can now define a homomorphism of odd degree by
S : CEGH∗ (M,λ+, J+)→ CEGH∗+1 (M,λ−, J−)
by
〈Sγ+, γ−〉 =
∑
γ−∈Pgood(λ−),
µCZ(γ+)=µCZ(γ−)−1
∑
u∈M̂J (γ+,γ−)
(u)#M̂J(γ+, γ−) (3.3.1)
Corollary 3.30. If µCZ(γ+) = µCZ(γ−) − 1 then the moduli space M̂J(γ+, γ−) is compact
0-manifold, hence S is well-defined.
Proof. This follows from Propositions 3.20 and 3.29.
Next, we claim that S is a chain homotopy, e.g. that
Φ1 − Φ0 = S ◦ ∂+,(λ+,J+) + ∂+,(λ−,J−) ◦ S.
Proposition 3.31. At the level of homology, the morphism Φ+− induces a morphism that
is independent of the choice of completed symplectic cobordism (W,J) between (λ+, J+) and
(λ−, J−).
Proof. This will follow from the boundary of the compactified 1-dimensional moduli space
M
J
(γ+, γ−), where µCZ(γ+)− µCZ(γ−) = 0. By Lemma 3.24 along with appropriate gluing
arguments, the boundary consists of four types of objects:
1. Pairs (0, u) with u ∈MJ0(γ+, γ−) which are counted by Φ0.
2. Pairs (1, u) with u ∈MJ1(γ+, γ−) which are counted by Φ1.
3. Pairs (τ, (u+, u0)) with (u+, u0) a broken cylinder with upper level u+ ∈ MJ+(γ+, γ0)
and main level u0 ∈MJτ (γ0, γ−) for some τ ∈ (0, 1); these are counted by S ◦ ∂+.
4. Pairs (τ, (u0, u−)) with (u0, u−) a broken cylinder with lower level u− ∈ MJ−(γ0, γ−)
and main level u0 ∈MJτ (γ+, γ0) for some τ ∈ (0, 1); these are counted by ∂− ◦ S.
The sum Φ1−Φ0−S ◦∂+,(λ+,J+)−∂+,(λ−,J−)◦S is therefore an oriented count of the boundary
points of a compact 1-manifold, so it vanishes.
The final step needed in the proof of Theorem 3.1 is the following proposition.
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Proposition 3.32. Let (λ1, J1), (λ2, J2), (λ3, J3) be three nondegenerate dynamically sepa-
rated pairs on (M, ξ) and let (W21, J21) and (W32, J32) be two completed symplectic cobordisms
between (λ2, J2), (λ1, J1) and (λ3, J3), (λ2, J2) respectively. Then there exists a completed
symplectic cobordism (W31, J31) between (λ3, J3), (λ1, J1) such that
Φ31 and Φ32 ◦ Φ21 : CEGH∗ (M,λ3, J3)→ CEGH∗ (M,λ1, J1)
induce the same homomorphism at the level of homology.
Proof. The proof of this proposition relies on a neck stretching construction. Explicit de-
tails of such constructions can be found in [McL16, Appendix 1], [Wen-SFT, §9.4.4]. After
rescaling, suppose without loss of generality that λi = e
fiλ with f3 > f2 > f1, Then the
cobordism
W 31 := {(r, x) | f1(x) ≤ r ≤ f3(x)}
contains a contact-type hypersurface
M2 := {(f1(x), x) | x ∈M} ⊂ W 31.
We choose a sequence of compatible almost complex structures {JN31}N∈N on W31 that are
fixed outside a neighborhood of M2 but degenerate in this neighborhood as N → ∞. This
is equivalent to replacing a small tubular neighborhood of M2 with increasingly large collars
[−N,N ]×M in which JN31 is λ2-compatible. The resulting chain maps
Φ31JN31
: CEGH∗ (C
EGH
∗ (M,λ3, J3)→ CEGH∗ (M,λ1, J1)
are chain homotopic for all N . As N → ∞, the index 0 cylinders counted by these maps
coverge to buildings with two levels. The top level is an index 0 cylinder which lives in the
completed cobordism from (M,λ2, J2) to (M,λ3, J3), while the bottom level is an index 0
cylinder which lives in the completed cobordism from (M,λ1, J1) to (M,λ2, J2). That there
are no other levels follows from the calculations in §3.1.1-3.1.2.
The composition Φ32 ◦ Φ21 counts these broken cylinders and we have
〈Φ31γ3, γ1〉 =
∑
γ2∈Pgood(λ2)
µCZ(γ3)=µCZ(γ2)
∑
u∈M̂J32 (γ3,γ2)
v∈M̂J21 (γ2,γ1)
(
(u)(v)
m(γ3)
lcm(m(u),m(v))
m(γ2)
gcd(m(u)m(v))
)
,
=
∑
(u)(v)
m(γ3)m(γ2)
m(u)m(v)
=
∑
γ2∈Pgood(λ2)
µCZ(γ3)=µCZ(γ2)
〈Φ32γ3, γ2〉〈Φ21γ2, γ1〉.
Thus, at the level of homology,
Φ32 ◦ Φ21 = Φ31.
As a result, we can conclude that each of the maps Φ+− : CH∗(M,λ+, J+)→ CH∗(M,λ−, J−)
is an isomorphism because composing Φ+− with Φ−+ must give the identity by Proposition
3.27.
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3.4 Invariance of the filtered homology under continuation
Invariance of the filtered cylindrical contact homology groups under continuation is more
subtle than in the unfiltered case because the filtered groups are invariant only along paths
(λτ , Jτ ) for which L is not a period of a Reeb orbit associated to Rλτ . Because the correspond-
ing path spaces may not be connected, the resulting continuation isomorphism may depend
on the homotopy class of the path. However, in Theorem 1.20 we fixed the contact form and
allowed J to vary, thus the proof follows by repeating the arguments in the construction of
the chain map and chain homotopy for unfiltered cylindrical contact homology.
Next we consider the degree of independence ont he choice of L-nondegenerate dynami-
cally separated contact form. Let {λτ , Jτ} be a smooth homotopy between L-nondegenerate
dynamically separated contact forms and compatible almost complex structures satisfying{
(λτ , Jτ ) = (λ0, J0) for s ≤ 0;
(λτ , Jτ ) = (λ1, J1) for s ≥ 1.
The continuation map
ΦL{λτ ,Jτ} : CH
EGH,L
∗ (M,λ1, J1)→ CHEGH,L∗ (M,λ0, J0)
preserves the subcomplexes on the chain level if A(γ1) < A(γ0). If this condition is not
satisfied, we still obtain isomorphisms
ΦL{λτ ,Jτ}(τ1, τ0) : CH
EGH,L
∗ (M,λ1, J1)→ CHEGH,L∗ (M,λ0, J0)
for |τ1 − τ0| sufficiently small. To see this, it suffices to replace (λτ , Jτ ) by the homotopy
τ 7→ (λβ(τ), Jβ(τ)) where β(τ) := τ0 + ρ(τ)(τ1 − τ0)
and ρ : R→ [0, 1] is a smooth cutoff function satisfying{
ρ(τ) = 0 for τ ≤ 0;
ρ(τ) = 1 for τ ≥ 1.
For a general pair of real numbers τ0, τ1, the isomorphism Φ
L
{λτ ,Jτ}(τ1, τ0) can then be
defined as a composition of the isomorphisms ΦL{λτ ,Jτ}(τi+1, τi) for a suitable partition of the
interval [τ0, τ1]. The resulting isomorphism is independent of the choice of partition.
By repeating the arguments in the construction of the chain map and chain homotopy for
the unfiltered cylindrical contact homology, we deduce that the continuation isomorphisms
on filtered Floer homology have the following properties.
Theorem 3.33. Let M be a closed oriented connected 3-manifold and (λτi , Jτi) are L-
nondegenerate dynamically separated pairs for i = 0, 1, 2.
Naturality: If {λτ , Jτ} is a generic smooth path through dynamically separated pairs then
ΦL{λτ ,Jτ}(τ0, τ0) = 1 and
ΦL{λτ ,Jτ}(τ2, τ0) = Φ
L
{λτ ,Jτ}(τ2, τ1) ◦ ΦL{λτ ,Jτ}(τ1, τ0).
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Homtopy: The isomorphism ΦL{λτ ,Jτ}(τ1, τ0) depends only on the homotopy class with fixed
endpoints of the path {λτ , Jτ}.
Filtration: If L < L′ and (λ, J) is an L-nondegenerate dynamically separated pair then the
continuation maps commute with the homomorphisms in the long exact sequence
... → CHEGH,L∗ (M,λ, J) → CHEGH,L′∗ (M,λ, J)
→ CHEGH,[L,L′]∗ (M,λ, J) → CHEGH,L∗−1 (M,λ, J)→ ...
for generic smooth paths through L′-nondegenerate dynamically separated pairs. Here
CH
EGH,[L,L′]
∗ (M,λ, J) denotes the homology of the quotient complex.
Monotonicity: The continuation homomorphism preserves the subcomplexes CHEGH,L∗ and
induces a homomorphism
CHEGH,L∗ (M,λτ0 , Jτ0)→ CHEGH,L∗ (M,λτ1 , Jτ1)
for τ0 < τ1. If, in addition λτ is dynamically separated for every τ ∈ [τ0, τ1] then this
is an isomorphism and agrees with ΦL{λτ ,Jτ}(τ1, τ0).
Remark 3.34. Let M be a closed oriented connected 3-manifold and λ be a nondegenerate
dynamically separated contact form. Then
CHEGH∗ (M, ker λ) = lim
L→∞
CHEGH,L∗ (M,λ).
Moreover, in this case the filtered continuation isomorphisms agree with the usual ones.
Hence the filtration property asserts that there is a well-defined homomorphism
ιL(λ) : CHEGH,L∗ (M,λ)→ CHEGH∗ (M,λ),
which is induced by the inclusion of chain complexes. The filtration property also shows that
every path of nondegenerate dynamically separated contact forms determines a commutative
diagram
CHEGH,L∗ (M,λ0) CH
EGH,L
∗ (M,λ1)
CHEGH∗ (M,λ0) CH
EGH
∗ (M,λ1)
ΦL{λτ ,Jτ }
ιL ιL
Φ10
where ΦL{λτ ,Jτ} is the continuation isomorphism of filtered cylindrical contact homology and
Φ10 is the canonical cylindrical continuation isomorphism.
4 Grinding through gradings
This section provides the details on the Reeb dynamics of prequantization bundles and the
computation of the Conley-Zehnder index of the associated Reeb orbits. Recall that (V 3, λ)
is a prequantization bundle over an integral closed symplectic surface (Σ, ω) so that [ω] is
primitive and c1(Σ) = c[ω]. Let λε = (1 + εpi
∗H)λ be perturbed by a Morse-Smale function
H on Σ satisfying |H|C2 < 1 and γp be the simple Reeb orbit of Rε which projects to
p ∈ Crit(H).
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Proposition 4.1. Fix a Morse function H such that |H|C2 < 1 and a constant T > 0. There
exists ε > 0 such that all Reeb orbits with A(γ) < T are nondegenerate and project to critical
points of H. Moreover, when A(γkp ) < T ,
µCZ(γ
k
p ) = µRS(γ
k)− 1 + indexp(H), (4.0.1)
where γk is the k-th iterate of the simple degenerate Reeb orbit corresponding to the circle
fiber of V → Σ.
In Section 4.1, we review the necessary material about the Robbin-Salamon index and
compute it for linearized flows relevant to the proof of Proposition 4.1. In Section 4.2 we
review the Reeb dynamics of prequantization bundles and finish the proof of Proposition
4.1.
4.1 The beloved crossing form of Robbin and Salamon
The Conley-Zehnder index µCZ , is a Maslov index for arcs of symplectic matrices which
assigns an integer µCZ(Φ) to every path of symplectic matrices Φ : [0, T ] → Sp(n), with
Φ(0) = 1. In order to ensure that the Conley-Zehnder index assigns the same integer to
homotopic arcs, one must also stipulate that 1 is not an eigenvalue of the endpoint of this
path of matrices, i.e. det(1−Φ(T )) 6= 0. We define the following set of continuous paths of
symplectic matrices that start at the identity and end on a symplectic matrix that does not
have 1 as an eigenvalue.
Σ∗(n) = {Φ : [0, T ]→ Sp(2n) | Φ is continuous, Φ(0) = 1, and det(1− Φ(T )) 6= 0}.
The Conley-Zehnder index is a functor satisfying the following properties, and is uniquely
determined by the homotopy, loop, and signature properties.
Theorem 4.2. [RS93, Theorem 2.3, Remark 5.4], [Gu14, Theorem 2, Proposition 8 & 9]
There exists a unique functor µCZ called the Conley-Zehnder index that assigns the same
integer to all homotopic paths Ψ in Σ∗(n),
µCZ : Σ
∗(n)→ Z.
such that the following hold.
(1) Homotopy: The Conley-Zehnder index is constant on the connected components of
Σ∗(n).
(2) Naturalization: For any paths Φ,Ψ : [0, 1]→ Sp(2n), µCZ(ΦΨΦ−1) = µCZ(Ψ).
(3) Zero: If Ψ(t) ∈ Σ∗(n) has no eigenvalues on the unit circle for t > 0, then µCZ(Ψ) = 0.
(4) Product: If n = n′ + n′′, identify Sp(2n′) ⊕ Sp(2n′′) with a subgroup of Sp(2n) in the
obvious way. For Ψ′ ∈ Σ∗(n′), Ψ′′ ∈ Σ∗(n′′), then µCZ(Ψ′ ⊕Ψ′′) = µCZ(Ψ′) + µCZ(Ψ′′).
(5) Loop: If Φ is a loop at 1, then µCZ(ΦΨ) = µCZ(Ψ) + 2µ(Φ) where µ is the Maslov
Index.
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(6) Signature: If S ∈M(2n) is a symmetric matrix with ||S|| < 2pi and Ψ(t) = exp(J0St),
then µCZ(Ψ) =
1
2
sign(S).
As before we will take γ to be a (nondegenerate) closed Reeb orbit of period T . We fix
a symplectic trivialization τ 9 of ξ along γ, as so that the linearized flow
dϕt : ξγ(0) → ξγ(t)
for t ∈ [0, T ] is given by a path Ψ(t) of symplectic matrices. Note that Ψ(0) = 1 and, when
γ is nondegenerate, det(Ψ(T ) − 1) 6= 0. This permits us to compute the Conley-Zehnder
index of dϕt, t ∈ [0, T ],
µτCZ(γ) := µCZ
({dϕt} |t∈[0,T ]) .
As explained in §1.1, this index is dependent on the choice of trivialization Φ of ξ along
γ which was used in linearizing the Reeb flow. However, if c1(ξ;Q) = 0 we can use the
existence of an (almost) complex volume form on the symplectization to obtain a global
means of linearizing the flow of the Reeb vector field. The choice of a complex volume form
is parametrized by H1(R×M ;Z), so an absolute integral grading is only determined up to
the choice of volume form.
We may alternately realize the Conley-Zehnder index in terms of crossing forms, and
that both definitions agree is proven in [RS93]. Using crossing forms to compute the Conley-
Zehnder also allows one to compute the index of arbitrary paths of symplectic matrices,
Ψ(t) ∈ Σ(n) := {Ψ : [0, T ]→ Sp(n) : Ψ is continuous, T > 0 and Ψ(0) = 1}.
In particular, associated to every periodic solution we obtain a half integer µRS which agrees
with µCZ in the nondegenerate case, i.e. when Ψ(t) ∈ Σ∗(n).
This is accomplished by realizing Ψ(t) as a smooth path of Lagrangian subspaces. To do
this, we review the construction of µRS via the index of the Lagrangian path
Graph(Ψ(t)) := {(x,Ψ(t)x) | x ∈ Rn}
in (R2n × R2n, ((−ω0)⊕ ω0)) relative to the diagonal
∆ := {(X,X) | X ∈ R2n}.
Here ω0 is the standard symplectic form on R2n. Assuming Ψ(a) = 1 and det(1−Ψ(b)) 6= 0
then the index of this Lagrangian path may be defined as follows,
µRS(Ψ) := µ(Graph(Ψ),∆).
This index is an integer and satisfies
(−1)µ(Ψ)−n = sign det(1−Ψ(b)).
The above number is the parity of the Lagrangian frame (1,Ψ(b)) for the graph of Ψ(b).
This index can then be computed via quadratic forms defined at crossing numbers.
9Since Φ is used to denote a matrix in this section, we will use τ for the choice of trivialization rather
than Φ in this section.
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A number t ∈ [0, T ] is called a crossing if det(Ψ(t) − 1) = 0. We denote the set of
crossings by
Et := ker(Ψ(t)− 1).
For a crossing t ∈ [0, T ], the crossing form Γ(Ψ, t) is the quadratic form on Et defined by:
Γ(Ψ, t)(v) := dλ(v, Ψ˙v) for v ∈ Et.
A crossing t is regular whenever the crossing form at t is nonsingular. Note that regular
crossings are necessarily isolated. Any path Ψ is homotopic with fixed end points to a path
having only regular crossings. Recall that the signature of a nondegenerate quadratic form
is the difference between the number of its positive eigenvalues and the number of its negative
eigenvalues.
Robbin and Salamon define the index µRS(Ψ) of the path Ψ having only regular crossings
to be
µRS(Ψ) :=
1
2
sign(Γ(Ψ, 0)(v)) +
∑
0<all crossings t<T
sign(Γ(Ψ, t)(v)) +
1
2
sign(Γ(Ψ, T )(v)).
In the case that we have taken the linearized flow of a nondegenerate Reeb orbit to obtain
our path of symplectic matrices, i.e. Ψ ∈ Σ∗(1), we obtain
µRS(Ψ) :=
1
2
sign(Γ(Ψ, 0)(v)) +
∑
0<all crossings t≤T
sign(Γ(Ψ, t)(v)).
This is because t = T is no longer a crossing as det(Ψ(t)− 1) 6= 0.
If we are working in (R2n, ω0), we have the following expression of the crossing form.
Since any path in Sp(2n,R) is a solution to a differential equation Ψ˙(t) = J0S(t)Ψ(t), with
S(t) a symmetric matrix we can write the crossing form in R2n as
Γ0(Ψ(t), t)(v) = 〈v, S(t)v〉 (4.1.1)
The main features of the Robbin-Salamon index are the following.
Proposition 4.3. The Robbin-Salamon index has the following properties.
(i) The Robbin-Salamon index satisfies additivity under concatenations of paths,
µRS
(
Ψ|[a,b]
)
+ µRS
(
Ψ|[b,c]
)
= µRS
(
Ψ|[a,c]
)
(ii) The Robbin-Salamon index characterizes paths up to homotopy with fixed end points.
(iii) The Robbin-Salamon index satisfies additivity under products,
µRS(Ψ
′ ⊕Ψ′′) = µRS(Ψ′) + µRS(Ψ′′).
As a preliminary example, we compute the Robbin-Salamon index for the symplectic path
of matrices arising from the flow given by ϕt(z) = e
itz on (C, ω0). If we take t ∈ [0, 2pin] we
do not obtain a path of symplectic matrices in Σ∗(1) but we may still make use of crossing
forms to compute the Robbin-Salamon index for this path.
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Example 4.4. The linearization of ϕt(z) = e
itz is given by dϕt(z) · v = eitv. We denote
Ψ(t) = eit and obtain crossings for t = 2pin for every n ∈ Z≥0. From (4.1.1) the crossing
form may be written as
Γ0(Ψ, t)(v) = 〈v, v〉
For t = 2pin with n ∈ Z≥0 we have that Γ0 is nondegenerate and
Γ0(Ψ, t)(v) = vv¯ = a
2 + b2,
where v = a+ ib. This has signature +2, and thus on [0, 2pin] with n ∈ Z>0 we have
µRS(Ψ(t)) = 2n.
If we take Ψ(t) to be defined on the interval [0, 2pin+ ε] with 0 < ε < 2pi then this is a path
of symplectic matrices in Σ∗(1) and we obtain
µCZ(Ψ(t)) = µRS(Ψ(t)) = 2n
Next we compute the Robbin-Salamon index of the linearization Ψ of the time ε flow
near a critical point p of a Morse function H on (Σ2n, ω).
Lemma 4.5. Let Ψ := {Ψ(t)}t∈[0,ε) be the path of symplectic matrices associated to the
linearization of the Hamiltonian vector field XH of a Morse function H at a critical point p
on (Σ2n, ω). Then {Ψ(t)}t∈[0,ε) has an isolated crossing at 0 and
µRS(Ψ) = indexpH − 1
2
dimΣ.
Proof. We will use the convention that
ω(XH , ·) = dH.
Let p be a critical point of H. After picking a Darboux ball around p we have
XH = −J0∇H.
The linearized flow Ψ is a solution of the autonomous ODE
Ψ˙ = −J0∇2H ·Ψ.
Thus
Ψ(t) = exp(−J0Hessp(H)t).
Since H is Morse its Hessian is nondegenerate at p. The crossing form is given by
Γ0(Ψ, 0)(v) = v
THessp(H)v,
and for sufficiently small ε the only crossing is at t = 0. By a Morse shift lemma we obtain
µRS(Ψ) = −1
2
sign HesspH = indexpH − 1
2
dim Σ.
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Also needed is the following computation of the Robbin-Salamon index associated to the
linearized Hopf flow.
Lemma 4.6. For a closed Reeb orbit γk associated to the degenerate Reeb flow on S3 gen-
erated by the standard contact form λ, we have
µRS(γ
k) = 4k.
Proof. The standard contact form on S3 is
λ =
i
2
(udu¯− u¯du+ vdv¯ − v¯dv)|S3 ,
and
R = i
(
u
∂
∂u
− u¯ ∂
∂u¯
+ v
∂
∂v
− v¯ ∂
∂v¯
)
= (ix1 − y1, ix2 − y2)
= (iu, iv)
(4.1.2)
Recall that
ϕt(u, v) = (e
itu, eitv).
gives the flow of the Reeb vector field of (4.1.2). It also gives rise to a symplectomorphism of
C2\{0}, thereby allowing us to obtain a global trivialization which extends the trivialization
around the closed orbits to the closed disks spanned by the orbits.
There is the following natural splitting of C2,
C2 ∼= ξp ⊕ ξωp .
Here ξωp is the symplectic complement of ξp, defined as follows
ξωp = {v ∈ TpS3 | ω(v, w) = 0 for all w ∈ ξp}.
On C2 \ {0} we use the symplectic form d(eτλ) pulled back under the biholomorphism,
ψ : C2 \ {0} → R× S3
z 7→
(
1
2
ln |z|, z|z|
)
which we denote by
ω0 = ωC2\{0} = ψ
∗(d(eτλ))
We may write ξω0p as the span of the following vector fields evaluated at p:
X = −i(u, v) = −i
(
u
∂
∂u
− u¯ ∂
∂u¯
+ v
∂
∂v
− v¯ ∂
∂v¯
)
,
Y = (u, v) =
(
u
∂
∂u
− u¯ ∂
∂u¯
+ v
∂
∂v
− v¯ ∂
∂v¯
)
.
(4.1.3)
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The vector fields X and Y defined in in (4.1.3) yield a standard symplectic or Darboux
basis for the symplectic vector space ξω0p because
ω0(X, Y ) = −ω0(Y,X) = 1;
ω0(X,X) = ω0(Y, Y ) = 0.
We have that ω0 on ξ
ω0
p is given by (
0 1
1 0
)
.
Thus ξω0 is symplectically trivial and ξ is symplectically trivial because
TC2 ∼= ξ ⊕ ξω.
The linearized flow acts on ξω0p by
dϕt(X(p)) = X(ϕt(p)),
dϕt(Y (p)) = Y (ϕt(p)).
A trivialization of ξ over any disc in M followed by the above trivialization of ξω0 gives a
trivialization of Tp(C2 \ {0}) which is homotopic to the standard one.
As a result we may finally conclude that dϕt on Tp(C2 \ {0}) is given by the “standard”
differential of ϕt on C2, namely
dϕt =
(
eit 0
0 eit
)
.
We obtain
ΦC2(t) := dϕt|C2
as the path of symplectic matrices associated to the linearized Reeb flow of γ extended to
C2 \ {0} for T ∈ [0, T ]. Similarly, we denote Φξω0 (t) to be the path of symplectic matrices
associated to the linearized Reeb flow of γp for T ∈ [0, T ] restricted on the symplectic
complement of ξ.
Then the naturality, homotopy, and product properties of the Conley-Zehnder index yield
µCZ(γp(t)) := µCZ (dϕ(t)|ξ) = µCZ (ΦC2(t))− µCZ (Φξω0 (t)) .
Since
X(ϕt) = −i(eitu, eitv)
Y (ϕt) = (e
itu, eitv)
and
dϕ2kpi(X(p)) = −i(u, v) = X(p)
dϕ2kpi(Y (p)) = (u, v) = Y (p)
we obtain
Φξω0 (2kpi) = 1,
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Thus µCZ(Φξω0 (2kpi)) = 0. With the help of Example 4.6 we obtain
µCZ(γp(t)) := µCZ (dϕ(t)|ξ) = µCZ (ΦC2(t)) = 4k.
By a covering trick we obtain Proposition 1.25.
Corollary 4.7. Let (V, λ) be the prequantization bundle over the monotone, simply connected
closed symplectic manifold (S2, kω0) for k ∈ Z>0. Then (V, ξ) = (L(k, 1), ξstd) and the k-fold
cover of every simple orbit γ is contractible and µΦRS(γ
k) = 4.
Proof. The result follows from taking the k-fold cover of V which reduces the setup of the
proof of Proposition 4.6.
Finally, using a convenient choice of constant trivialization as in [GGM15, §3.1, 4.2],
we compute the Robbin-Salamon index of fibers of prequantization bundles over surfaces
(Σg, ω0) of genus g ≥ 1 wherein [ω0] is primitive.
Lemma 4.8. Let (V, λ)
pi→ (Σg, ω0) be a prequantization bundle over a surface of genus g ≥ 1
with [ω0] primitive. Then for the constant trivialization Φ along the circle fiber γp = pi
−1(p),
we obtain µΦRS(γp) = 0 and µ
Φ
RS(γ
k
p ) = 0.
Proof. Let Γ be a free homotopy class of V . In order to define the Robbin-Salamon index of
a simple (nondegenerate) Reeb orbit γp with [γp] = Γ we must fix a trivialization of ξ|γp . We
can fix a trivialization up to homotopy of ξ along a reference loop in the free homotopy class
Γ. Connecting γp to the reference loop by a cylinder and extending the trivialization along
the cylinder produces, up to homotopy, a well-defined trivialization of ξ along γp. When
c1(ξ) is atoroidal we are able to guarantee that the resulting trivialization is independent of
the cylinder.
The choice of trivializations needs to be compatible under iteration. However, for pre-
quantization bundles over Σg with g ≥ 1, the classes Γk for k ∈ Z≥1 are all distinct and
nontrivial. Thus we can fix a trivialization Φ of ξ along a loop in the class Γ then the
trivialization for the class Γk is obtained by taking the k-th iterate of Φ.
We take the reference loop to be the fiber γ = pi1(p) over a point in the class Γ. For
any point q ∈ pi−1(p) a fixed trivialization of TpΣg allows us to trivialize ξq as ξq ∼= TpΣ.
This trivialization is invariant under the linearized Reeb flow and can be thought of as a
“constant trivialization” over the orbit γp because the linearized Reeb flow, with respect to
this trivialization, is the identity map. In regards to iterates, we use the k-th iteration of
the fiber as the reference loop for Γk and the reference trivialization associated to Γk is still
the constant trivialization.
Remark 4.9. The above choice of constant trivialization is compatible the regularity result
of Propositions 2.31 and 2.32.
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4.2 Perturbed Reeb vector fields on prequantization bundles
This section reviews the Reeb dynamics of prequantization bundles and completes the proof
of Proposition 4.1, which gives us the formula for the Conley-Zehnder index of closed Reeb
orbits of Rε over critical points p of H. We begin with the following result.
Proposition 4.10. The Reeb vector field associated to λε = (1 + εpi
∗H)λ is given by
Rε =
R
1 + εpi∗H
+
εX˜H
(1 + εpi∗H)2
. (4.2.1)
where XH is a Hamiltonian vector field
10 on S2 and X˜H its horizontal lift, i.e.
dh(q)X˜H(q) = XεH(h(q)) and λ(X˜H) = 0.
Proof. We have the following splitting of TM with respect to the contact form λ,
TpM = 〈R(p)〉 ⊕ ξp.
Thus we know that there exists a, b ∈ R and Y where λ(Y ) = 0 such that Rε = aR+ bY. We
will show that a =
1
1 + εpi∗H
, b =
ε
(1 + εpi∗H)2
and Y = X˜H . We know that Rε is uniquely
determined by the equations
λε(Rε) = 1, dλε(Rε, ·) = 0. (4.2.2)
That a is of the desired form follows immediately from the first line of (4.2.2) as
λε(Rε) = (1 + εpi
∗H)λ(aR) + (1 + εpi∗H)λ(bY ) = (1 + εpi∗H)λ(aR)
We compute to find
dλε = (1 + εpi
∗H)dλε + εpi∗dH ∧ λ.
Then
dλε(Rε, ·) = (1 + εpi∗H) (dλ(aR, ·) + dλ(bY, ·))
+ εpi∗dH(aR)λ(·)− εpi∗dH(·)λ(aR)
+ εpi∗dH(bY )λ(·)− εpi∗dH(·)λ(bY ),
which reduces to
dλε(Rε, ·) = (1 + εpi∗H)dλ(bY, ·) + εpi∗dH(aR)λ(·)
− ε
(1+εpi∗H)pi
∗dH(·) + εpi∗dH(bY )λ(·). (4.2.3)
Lest we forget about the symplectic form downstairs, recall dλ = pi∗ω and ω(XH , ·) = dH.
Also we have that
pi∗dH(·) = pi∗ω(XH , ·) = dλ(X˜H , ·), pi∗dH(·) ∧ λ(·) = dλ(X˜H , ·) ∧ λ(·).
10We use the convention ω(XH , ·) = dH.
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Thus (4.2.3) becomes
dλε(Rε, ·) = (1 + εpi∗H)dλ(bY, ·) + εdλ(X˜H , aR)λ(·)
− ε
(1+εpi∗H)dλ(X˜H , ·) + εdλ(X˜H , bY )λ(·)
= (1 + εpi∗H)dλ(bY, ·)− ε
(1+εpi∗H)dλ(X˜H , ·) + εdλ(X˜H , bY )λ(·).
So dλε(Rε, ·) = 0 precisely when b = ε
(1 + pi∗H)2
and Y = X˜H as desired.
Lemma 4.11. Fix a Morse function H such that |H|C2 < 1. For each T > 0, there exists
ε > 0 such that all Reeb orbits with A(γ) < T are nondegenerate and project to critical points
of H.
Proof. We have
Rε =
R
1 + εpi∗H
+
εX˜H
(1 + εpi∗H)2
.
The horizontal lift X˜H is determined by
dh(q)X˜H(q) = XεH(h(q)) and λ(X˜H) = 0.
Thus those orbits which do not project to p ∈ Crit(H) must project to XH . We have
ε
(1 + ε)2
<
ε
(1 + εpi∗H)2
<
ε
(1− ε)2
A Taylor series expansion shows that the m-periodic orbits of XH give rise to orbits of
εX˜H
(1+εpi∗H)2 which are
C
ε
-periodic for some C. We note that C and m must be bounded away
from 0 since XH is time autonomous. Nondegeneracy of Reeb orbits γ such that A(γ) < T
follows from the proof of Theorem 13 in Appendix A of [ABW10].
Remark 4.12. The action of a Reeb orbit γkp of Rε over a critical point p of H is proportional
to the length of the fiber, namely
A(γkp ) =
∫
γkp
λε = 2kpi(1 + εpi
∗H),
because pi∗H is constant on critical points p of H.
With these details in place we can finish the proof of Proposition 4.1 in regard to the
Conley-Zehnder indices of γkp , which we will prove are given by
µCZ(γ
k
p ) = µRS(γ
k)− 1 + indexp(H),
where γ is a degenerate Reeb orbit corresponding to the circle fiber of V → Σ. To do this
we employ an argument similar to the one found in [CFHW96], as follows.
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Proof of Proposition 4.1. First, we show that one can use dλ instead of d ((1 + εpi∗H)λ) in
computing the Conley-Zehnder indices for closed Reeb orbits over critical points of H. We
have
d ((1 + εpi∗H)λ) |ξ = (d(εpi∗H) ∧ λ+ εpi∗Hdλ) |ξ
= (εpi∗Hdλ) |ξ.
This tells us that pi∗H is constant along Hopf fibers over critical points of H, which are
precisely the nondegenerate Reeb orbits of interest to us.
Consider the decomposition
Tq˜(R× V ) = R⊕ 〈Rε(q)〉 ⊕ ξq,
where q˜ is the lift of q under the projection map pr : R×V → V . Since p = pi(q) is a critical
point of H the linearization at q˜ with respect to this decomposition is given by
dϕεt(q˜) =

(
1 0
0 1
)
dϕεt |ξq
 .
We define
Φε(t) = dϕ
ε
t |ξq ,
to be the linearization of the perturbed flow Rε restricted to ξq. Note that when h(q) = p
is a critical point of H then the Reeb orbits associated to Rε are 2kpi(1 + εH(p))-periodic.
Define
Tk := 2kpi(1 + εH(p)).
Let Φ(t) be the linearized flow of R restricted to ξq and Ψε(t) be the linearized flow of ψt
associated to X˜1+εH .
The homotopy
L(s, t) = Φsε(t)Ψ(1−s)ε(t)
connects with fixed end points the path Φε(t) to Φ(t)Ψε(t). For small ε we know that these
paths have ends in Sp∗(2), the set of 2 × 2 symplectic matrices with eigenvalues not equal
to 1. Using the homotopy
K0(s, t) =
{
L(s, 2t
s+1
) if t ≤ Tk · s+12
L(2 t
Tk
− 1, Tk) if t ≥ Tk · s+12
and the aforementioned properties of the Conley-Zehnder index and Robbin-Salamon index
we obtain
µRS(Φε) = µRS(ΦΨε).
Another homotopy,
K1(s, t) =
{
Φ( 2t
s+1
)Ψε(st) if t ≤ Tk · s+12
Φ(Tk)Ψε((s+ 2)t− (s+ 1)) if t ≥ Tk · s+12
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for (s, t) ∈ [0, 1]× [0, Tk] yields
µRS(ΦΨε) = µRS(Φ) + µRS(Φ(Tk)Ψε).
As a result we obtain
µRS(Φε) = µRS(Φ) + µRS(Φ(Tk)Ψε).
We also have
pi∗(TqV ) = pi∗(ξq) = TpΣ.
If we extend the flow ψt of XH to the symplectization then ker dψt = {0} for t > 0. Thus
the only contribution from (the lift of) −XH to the Robbin-Salamon index occurs at t = 0.
From Lemma 4.5 we obtain
µRS(Φ(Tk)Ψε) = indexpH − 1
2
dimΣ = indexpH − 1,
and the result follows.
5 Fun with filtrations
In this section, we prove Theorem 1.27 which demonstrates that the cylindrical contact
homology of three dimensional prequantization bundles S1 ↪→ (V, λ) pi→ (Σ, ω) consists of in-
finitely many copies of H∗(Σ;Q). We first establish a correspondence between gradient flows
of a Morse-Smale function H on the base Σ and pseudoholomorphic cylinders asymptotic
to closed Reeb orbits associated to λε = (1 + εpi
∗H)λ which are of the same multiplicity
and project to critical points of H. The second step in our proof uses the results of Propo-
sition 2.31 as well as Sections 3 and 4 to construct a chain complex filtered by the action
and index. Using direct limits and the established proportionality between the action and
index with respect to a free homotopy class, we recover the cylindrical contact homology of
3-dimensional prequantization bundles.
5.1 Correspondence between cylinders and gradient flow lines
Recall that the perturbed Reeb vector field associated to λε is given by
Rε =
R
1 + εh∗H
+
εX˜H
(1 + εh∗H)2
,
where XH is a Hamiltonian vector field
11 on S2 and X˜H its horizontal lift.
From [SZ92, Theorems 7.3] and [Wen-SFT, Theorem 10.30] we have the following result,
which is key to establishing the isomorphism between Hamiltonian Floer homology and
singular homology [Fl89], [SZ92, Theorem 7.1].
11We use the convention ω(XH , ·) = dH.
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Theorem 5.1. Let (Σ, ω0) be a closed oriented surface of genus g. Suppose H : Σ→ R is a
smooth Morse function such that |H|C2 < 1, J is an ω-compatible almost complex structure,
and the flow of H with respect to ω(·, J ·) is Morse-Smale. Given ε > 0, let Hε := εH with
Hamiltonian vector field XHε = εXH , and consider the contact form λε = (1 + εpi
∗H)λ on
the prequantiation bundle S1 ↪→ (V, λ) pi→ (Σ, ω). Then for all ε > 0 sufficiently small, the
following hold.
(i) The simple Rε-orbit γp arising from any p ∈ Crit(H) is nondegenerate and its Conley-
Zehnder index relative to the constant trivialization Φ is given by
µΦCZ(γp) = −1 + indexp(H).
(ii) Any trajectory x : R → Σ satisfying the negative gradient flow equation x˙ = −∇Hε
gives rise to a Fredholm regular solution
v : R× S1 → Σ
(s, t) → x(s)
of the time independent Floer equation
∂sv + J(v) (∂t +XHε(v)) = 0 (5.1.1)
and the virtual dimensions of the spaces of Floer trajectories near v and gradient flow
trajectories near x are the same.
(iii) Every 1-periodic orbit of XHε in Σ is a constant loop at a critical point of H.
(iv) Every finite energy solution v : R× S1 → Σ of (5.1.1) is of the form v(s, t) = x(s) for
some negative gradient flow trajectory x : R→ Σ.
A couple of remarks are in order.
Remark 5.2. We have added to Chris Wendl’s horror12 by using the convention ω(XH , ·) =
dH. As computed in Lemma 4.5, this yields Theorem 5.1(i) which has opposite sign from his
[Wen-SFT, Theorem 10.30(i)].
Remark 5.3. Proofs of Theorem 5.1 (iv) typically impose the additional assumption that
|indexp(H)− indexq(H)| ≤ 1 for all pairs p, q ∈ Crit(H) to avoid a discussion of gluing. This
assumption is sufficient for our needs in defining the filtered complex as we have indepen-
dently shown for cylindrical contact homology that
(
∂EGH±
)2
= 0.
A fairly standard argument [Si17, §7] yields the following correspondence between cylin-
ders u ∈ MJε(γkp , γkq ) and gradient flow lines between the critical points p and q. Theorem
5.1 then implies that these cylinders correspond to Floer trajectories between the 1-periodic
orbits of Hε, which are the constant loops at the critical points p and q.
12In addition to [Wen-SFT, Remark 10.32], one should read his blog post, as well as the subse-
quent discussion on heretical signs at https://symplecticfieldtheorist.wordpress.com/2015/08/23/
signs-or-how-to-annoy-a-symplectic-topologist/
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In our setting, we consider prequantization bundles over closed symplectic manifolds in
lieu of trivial S1-bundles. However, as explained in [Mo, §6.1], one can parametrize these
Jε-holomorphic cylinders as follows. Let (θ, y) 7→ θ∗y be the global S1-action on the S1
principal bundle Y and define
uεx : R× S1 → R× Y
(s, t) 7→ (a(s), t∗x˜(s))
where a˙(s) = (1 + εpi∗H(x(s))), x˜ solves ˙˜x =
∇˜Hε(x˜(s))
1 + εpi∗H(x(s))
, where ∇˜H is the lift of ∇H
to ξ. This construction yields the following proposition.
Proposition 5.4. Assume the same hypotheses in Theorem 5.1 and that p, q ∈ Crit(H) with
|indexp(H) − indexq(H)| ≤ 1. Given ε > 0 sufficiently small and any λε-compatible almost
complex structures Jε, every negative gradient flow equation x˙ = −∇Hε(x) from p to q gives
rise to a smooth Fredholm regular Jε-holomorphic cylinder u
ε
x ∈ MJε(γkp , γkq ) in R × V and
the virtual dimensions of the spaces of pseudoholomorphic cylinders near uxε and gradient
flow trajectories near x are the same.
Proof. When H is small but not identically zero, the projection of the curve to Σ is no longer
holomorphic as in the proof of [Si17, Theorem 3.1]. However, one can appeal to the asymp-
totic behavior of holomorphic curves, along with intersection theory and the relationship
between the Conley-Zehnder indices and extremal winding numbers as in the proof of [Mo,
Prop. 4.11, Thm. C.10]
This is because of the S1-invariance of the contact structure ξ induced by λ gives a
natural trivialization Φ of ξ along the Reeb orbits associated to λε which project to critical
points of H. That one can use the trivialization induced by λ for λε is explained in the
proof of Proposition 4.1. Finally, the formulas for the Conley-Zehnder indices established in
Section 4 show that the virtual dimension of the moduli space of cylinders agrees with the
virtual dimension of the space of gradient flow lines. Regularity follows from Propositions
2.13, 2.31, and 2.32.
Next, we prove uniqueness via the following result which we have adapted from [Wen-SFT,
Theorem 10.33]. The original result is stated in terms of certain stable Hamiltonian struc-
tures on Σ× S1 rather for prequantization bundles over Σ, but it is still applicable.
Theorem 5.5. Assume the same hypotheses in Theorem 5.1 and that p, q ∈ Crit(H) with
|indexp(H)− indexq(H)| ≤ 1. Let ε > 0 be sufficiently small and take any smooth family Jδ
of λε-compatible almost complex structures matching Jε at δ = 0. Then there exists δ0 > 0
such that every Jδ-holomorphic cylinder for δ ∈ [0, δ0] with a positive end asymptotic to γkp
and a negative end asymptotic to γkq , both up to reparametrization, is in the same equivalence
class of cylinders as uxδ in Proposition 5.4.
Proof. If δn → 0 and un is a sequence of Jδn-holomorphic cylinders then first by the unique-
ness of the asymptotic orbits, we can extract a subsequence for which all un are asymptotic
at both ends to closed Reeb orbits, up to reparametrization, of the form γkp for p ∈ Crit(H)
as n→∞. Remark 4.12 shows that we have a uniform bound on the energies of our curves.
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Since allRε-orbits in a fixed homotopy class are nondegenerate, one can now conclude that
un has a subsequence convergent to a finite-energy Jε-holomorphic building u∞ consisting
only of cylinders. When g(Σ) ≥ 1 there are no contractible orbits and when Σ = S2, the
exclusion of noncylindrical levels follows from the lemmata of §3.1.1.
The levels of the building are asymptotic to orbits of the form γkp for p ∈ Crit(H),
projecting to solutions of the Hε-Floer equation. Since ∇H is Morse-Smale and indices of
critical points can only differ by at most 1, the building u∞ can have at most one nontrivial
level u∞, which is in the same equivalence class as uxε by Proposition 5.4. That there are no
other levels follows from the calculations in §3.1.1. This implies un → u∞ and because u∞
is Fredholm regular and the implicit function theorem gets us the rest of the way.
5.2 The filtered chain complex
In this section we use the proportionality between the action and Conley-Zehnder index of
the Reeb orbits with respect to a fixed free homotopy class to compute the filtered cylindrical
contact homology for prequantization bundles over closed oriented surfaces. These Morse-
Bott methods are in a similar spirit as those found in the realm of symplectic homology, see
[CFHW96, Gu17], [BO09b, §4], and [KvK16, Appendix B].
With respect to a fixed free homotopy class Γ, we first filter cylindrical contact homology
by action and investigate a further filtration by the Conley-Zehnder index. We can filter the
complex by action because the cylindrical contact homology differential is action decreasing
[Ne15, Lemma 2.18]. We will further assume that the critical values of the Morse-Smale
function H on Σ are negative and close to 0.
We fix a particular choice of coherent orientations on the (filtered) complex by requiring
that cylinders which correspond to the Morse flow lines of the C2 small Morse function H on
the base be counted in the same way as the version of Morse homology that is isomorphic to
singular homology. Further details on the choice of such coherent orientations may be found
in [KvK16, Appendix B.0.2]. In particular the local coefficient system is trivial by [KvK16,
Lemma B.7, Remark B.8]
From Remark 4.12 we saw that action of a Reeb orbit γkp of Rε over a critical point p of
H was proportional to the length of the fiber, namely
A(γkp ) = 2kpi(1 + εpi
∗H).
As a result, we can introduce a filtration on the whole complex. We use bold face p and q in
place of the conventions p and q for the bigrading in [Weib94, §5.4] to avoid confusion with
critical points of H. With respect to a free homotopy class Γ, the filtration is then,
FpCq(V, λε,Γ) =
{
γ ∈ Cq(M,λε,Γ)
 A(γ) < 2ppi}
Implicit in this filtration is the choice of positive ε, which must be chosen to be sufficiently
small such that all orbits γ with A(γ) ≤ 2ppi project to a critical point of H. Since we have
restricted ourselves to a fixed homotopy class this filtration exhausts the complex in finitely
many steps.
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Let Lε be the minimal value of 2ppi such that FpCq(M,λε,Γ) = Cq(M,λε,Γ) for all
p > Lε
2pi
. The E0-page of this spectral sequence is given by
E0pq = FpCp+q(V, λε,Γ)/Fp−1Cp+q(V, λε,Γ).
Lemma 5.6. For ε chosen sufficiently small so that the assumptions of Theorem 5.1 also
apply to
FpCq(V, λε,Γ) = Cq(V, λε,Γ)
for all p > Lε
2pi
hold. Then the differential for p > 0 on the the E0-page
E0pq = FpCp+q(V, λε,Γ)/Fp−1Cp+q(V, λε,Γ).
agrees with the Morse differential on the base Σ.
Proof. The differential on the E0-page only counts cylinders that decrease the action level
less then 2pi. Moreover, this differential is well-defined and squares to 0 because it agrees
with the usual cylindrical contact homology differential, so the results of [Ne15, Theorems
1.10, 1.12, Remark 1.13] apply.
The results of §4, in particular Proposition 4.1 and Lemmas 4.6, 4.8, show that with
respect to a fixed homotopy class Γ, there is also a simultaneous filtration by index. When
the genus of Σ is greater than 0, the Puppe sequence shows there are no contractible Reeb
orbits, and the action of any Reeb orbit with action less than Lε determines its covering
multiplicity and hence its free homotopy class. Proposition 5.4 and Theorem 5.5 imply that
for p > 0, these cylinders are counted by the Morse differential on the base Σ.
With respect to a fixed free homotopy class Γ, Lemma 5.6 permits us to conclude that
the E1-page is given by copies of the Morse homology of Σ with appropriate degree shifts
corresponding to the SFT-grading of γ, |γ| = µCZ(γ) − 1. The proportionality between
the action and the SFT-grading allows us to simultaneously filter by the SFT-grading. In
particular, for an appropriate choice of ε,
FpCq(V, λε,Γ) =
{
γ ∈ Cq(V, λε,Γ)
 A(γ) ≤ 2ppi}
=
{
γ ∈ Cq(V, λε,Γ)
 |γ| := µCZ(γ)− 1 ≤ 4p + 1}
As a result, the SFT-grading filtration with repsect to a free homotopy class excludes differ-
entials other than the one coming from the action filtration. Hence, the spectral sequence
degenerates at the E2-page. Such an argument is also used to obtain a spectral sequence
for positive S1-equivariant symplectic homology in the proof of Proposition 3.7 Part (II) of
[BO17].
To take direct limits of the filtered groups, we need the following lemma regarding con-
tinuation maps.
Lemma 5.7. For 0 < ε′ < ε sufficiently small and under the assumptions of Theorem
5.6, the continuation map cεε′ is well-defined and induces a morphism of spectral sequences
associated to a fixed free homotopy class
crεε′ : E
r
pq(λε)→ Erpq(λε′)
for r = 0, 1.
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Proof. That the map crεε′ is well-defined follows from the same reasoning as to why the
chain map is well-defined; see Proposition 3.15 and §3.2. To see that it induces a morphism
between spectral sequences we note that the spectral sequence Erpq(λε) is bounded with
maximal filtration degree Lε
2pi
, so it converges not any later than on that page.
By construction, the gap between the last non-zero column of E0pq(λε) and the first new
column of E0pq(λε′) is larger than
Lε
2pi
. This is because for p >
Lεj
2pi
we can choose εi < εj
such that FpC
EGH
∗ (V, λεi) = C
EGH
∗ (V, λεj) for p =
Lεj
2pi
,
Lεj
2pi
+ 1. Thus, the first new non-zero
column, if any, of E0p∗(λεi , Jεi) appears for filtration degree p at least
Lεj
2pi
+ 2.
For p ≤ Lε
2pi
we see that crεε′ commutes with the differential because of Proposition 5.4
and Theorem 5.5 as well as §3.2. For p > Lε
2pi
the continuation map crεε′ vanishes, as does the
differential dr,ε.
Since CHEGH,L∗ (V, λε, J,Γ) is the homology of the chain complex generated by copies of
HMorse∗ (Σ, H;Q) with ∂± = ∂MorseH on each copy, after taking the direct limit,
CHEGH(V, kerλ,Γ) := lim−→
ε
CHEGH,Lε(V, λε, Jε,Γ).
we obtain
CHEGH(V, kerλ,Γ) = E1pq(CH
EGH(V, kerλ,Γ)) =

⊕
γ good, [γ]=Γ
Hp+q−|γ|(Σ;Q) p > 0
0 p ≤ 0.
This yields the proof of Theorem 1.27.
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